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Preface

Sequence spaces play an important role in various fields of Real Analysis, Complex
Analysis, Functional Analysis and Topology.  These are very useful tools in
demonstrating abstract concepts through constructing examples and counter examples.
The topic “Sequence Spaces” is very broad in its own sense as one can study from
various point of views, e.g. Schauder decomposition, a—, S—, and v — duals, matrix
transformations, measures of noncompactness, topological properties and geometric
properties. The central theme of the present book is to introduce and study Zweier

I-Convergent sequence spaces.

The structure of this text is straightforward. There are six chapters devoted to the
various aspects of the theory. Each chapter is divided into sections. The numbers in the
square brackets refers to the references listed in the bibliography.

As usual chapter 1, is devoted to the background materials which begins with the
notations and conventions and some basic definitions which are needed throughout the
work. This chapter concludes with an introduction to the Ideals which also includes

some elementary properties.

In chapter 2, we introduce the Zweier I-convergent sequence spaces Z7, Zl and ZI .
We prove the decomposition theorem and study topological, algebraic properties and

inclusion relations of these spaces.

In chapter 3, we introduce the Paranorm Zweier I-convergent sequence spaces
Z1(q), ZL(q) and 2L (q) for ¢ = (qx), a sequence of positive real numbers. We study
some topological properties, prove the decomposition theorem and study some inclusion
relations on these spaces.

In chapter 4, we introduce the sequence spaces Z! (M), ZL(M) and ZL (M) using
the Orlicz function M. We study the algebraic properties and inclusion relations on these
spaces.

In chapter 5, we introduce the sequence spaces ZI(f), ZL(f) and ZL (f) for a
modulus function f and study some of the topological and algebraic properties on these

spaces.



Preface

In chapter 6, we introduce the sequence spaces Z!(F), ZI(F) and ZL (F) for a
sequence of modulii F' = (f) and study some of the topological and algebraic

properties on these spaces.

In chapter 7, This is a precise chapter which is very special as it is designed only to
study some inclusion relations between various zweier sequence spaces studied

previously.

In chapter 8, we introduce the sequence spaces 2 Z!(F), 2 ZI(F) and 22! (F) fora
sequence of modulii F' = (f)) and study some of the topological and algebraic properties

on these spaces.

In chapter 9, we introduce the sequence spaces 2Z7(f), 2ZL(f) and 2ZL (f) for a
modulus function f and study some of the topological and algebraic properties on these

spaces.

In chapter 10, we introduce the sequence spaces o 2 (M), 2 24 (M), 2 2L (M) for an
Orlicz function M and study some of the topological and algebraic properties on these

spaces.

The book ends with a fairly exhaustive bibliography of books and research articles

consulted for the work.

This work was supported by the research grant No: 2/40(41)/2014/R and D - 11/322 of
National Board of Higher Mathematics (NBHM), Department of Atomic Energy (DAE),
Goverment of India, INDIA.

v Science Publishing Group



Contents

Basic Definitions and Notations

Zweier I-Convergent Sequence Spaces

2.1 Introduction . . . . . . . . . . .

22 MainResults . . . . . ...

On Paranorm Zweier I-Convergent Sequence Spaces

3.1 Introduction . . . . . . . . . . ..

32 MainResults . . . .. . ...

Zweier I-Convergent Sequence Spaces Defined by Orlicz Function

4.1 Introduction . . . . . . . . . . .. e

42 MainResults . . . .. . ...

On Some Zweier I-Convergent Sequence Spaces Defined by a Modulus
Function

5.1 Introduction . . . . . . . . . . . . e

19

21

23

33

35

36

47

49

50

57



Contents

10

VI

52 MainResults . . . . . . ... e

Zweier I-Convergent Sequence Spaces Defined by a Sequence of Modulii
6.1 Introduction . . . . . . . . . . . . . ..

6.2 MainResults . . . . . . ... e

On Certain Class of Zweier I-Convergent Sequence Spaces
7.1 Introduction . . . . . . . . . . . . ...

72 MainResults . . . .. . ... e

Zweier I-Convergent Double Sequence Spaces

8.1 Introduction . . . . . . ... ... ...
82 MainResults . . . ... ...
Zweier I-Convergent Double Sequence Spaces Defined by a Modulus
Function

9.1 Introduction . . . . . . . . . . . . i e

92 MainResults . . . . . . ...

Zweier I-Convergent Double Sequence Spaces Defined by Orlicz Function
10.1 Introduction . . . . . . . . . ...

10.2 MainResults . . . . . . . . ...

69

71

72

81

83

83

87

89

91

101

103

104

113

Science Publishing Group



Chapter 1

Basic Definitions and Notations

“One cannot escape the feeling that these mathematical formulae have an independent existence and an
intelligence of their own, that they are wiser than we are, wiser even than their discoverers, that we get more
out of them than we originally put into them.”






Chapter 1 Basic Definitions and Notations

The term sequence has a great role in Analysis. Convergence of
sequences has always remained a subject of interest to the
mathematicians. ~ Several new types of convergence of sequences
appeared, many of them are analogous to the statistical convergence. The
concept of I-convergence gives a unifying approach to such type of
convergence. Statistical convergence has several applications in different
fields of Mathematics, Number Theory, Trigonometric Series,
Summability Theory, Probability Theory, Measure Theory, Optimization
and Approximation Theory. The notion of Ideal convergence corresponds

to a generalization of the statistical convergence.

Notations

N := The set of all natural numbers.
R := The set of all real numbers.

C := The set of all complex numbers.
lilgn : means lim .

k—o0

Sup : means sup.
k k>1

inf : means inf, unless otherwise stated.
k k>1

> : means summation over k = 1 to k = oo, unless otherwise

k
stated.

x := (x,), the sequence whose k'™ term is x.
0 :=(0,0,0,.....), the zero sequence.

ex := (0,0,..,1,0,0,..), the sequence whose k' component is 1 and

others are zeroes, for all k¥ € N.

Science Publishing Group 3



Zweier I-Convergent Sequence Spaces and Their Properties
e:=(1,1,1,1,...... ).
p := (px), the sequence of strictly positive reals.

w = {x = (xx) : & € R (or C)}, the space of all sequences, real
or complex.

l:{zew: ) |z < oo}
o
lo := {x € w : sup |x;| < oo}, the space of bounded sequences.
k
co:={rew: lilgn |zi| = 0}, the space of null sequences.

c={rew: h/in x =1, for some [ € C}, the space of convergent

sequences.

lsos Co, € are Banach spaces with the usual norm

]| = sup |-
k

li :={a = (ar) : > |xk| < oo}, the space of absolutely convergent
k

series.

Woo := {x € w :sup = Y |z < oo}, the space of strongly Cesaro-
n k

bounded sequences.

wy = {z € w:lim + Y |x;| = 0}, the space of strongly Cesaro-null
sequences. k

L ={rxew: ) |zlP <00}, 0 <p<o0.
ks

w, :={z € w:lim 3 |z, — | =0; forsome [ € C}.
n

4 Science Publishing Group



Chapter 1 Basic Definitions and Notations

In the case 1 < p < oo, the space [, and w, are Banach spaces normed
by

] = (Zwup);

k
and

n 1
1 P

= — p
|z = sup (n ;:1 || ) >

respectively. If 0 < p < 1, then [, and w, are complete p-normed spaces,

p-normed by
lzll =) lznl?
k
and
1 n
lzll = = > lewl”,
n
k
respectively.

The following subspaces of w were first introduced and discussed by
Maddox [56] and Simons [69];

I(p) :={zew: ) |zlP* < oo}
k
lo(p) = {x € w: sup |zx|P* < o0}.
k
clp) ={rcw: 1i]1€rn |z — [|P* =0, for some [ € C}.

co(p) ={rew: lillgrl |z |PE = 0}.
wnelp) = {z € w sup( 37 ) < oo},
ko k=1
w(p) :={z € w:lim(+ Y |z — I|P*) = 0, for some [ € C}.
" k=1
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Zweier I-Convergent Sequence Spaces and Their Properties
. 1 "
wo(p) :={r €w: llqgn(; 7 JxgPr) = 0}.
k=1

Let p = (px) be bounded. Then ¢((p) is a linear metric space paranormed
by:
PE
g1 (@) = sup g7,
where M = max(1l,suppg). lw(p) and c(p) are paranormed by g;(z)
k
defined above if and only if iI;f pr > 0. I(p) and w(p) are paranormed by:

1

g2() = (Z )"

Remark 1.1. If p;, = 1, for all k, then oo (p) = I, co(p) = co, c(p) = ¢,
l(p) =l and w(p) = w.

Definition 1.2. [48] A paranorm is a function g : X — R which satisfies
the following axioms: for any z,y, o € X, A\, Ay € C,

[i] g(x) =0if x = 0,
[ii] g(x) = g(—2);

[iii] g(z +y) < g(z) + 9(y);

[iv] the scalar multiplication is continuous, thatis A\ — g, z — xo imply

AT — Aoxo. In other words,

IA—=Xo] =0, g(x—x0) =0 imply g(Ax — Aoxg) — 0.

A paranormed space is a linear space X with a paranorm ¢ and it is
written as (X, g).

Any function g which satisfies all the conditions [i]-[iv] together with

the condition

6 Science Publishing Group



Chapter 1 Basic Definitions and Notations

[v] g(z) = 0if and only if z = 0,

is called a fotal paranorm on X and the pair (X,g) is called total

paranormed space.
Example 1.3. [, is totally paranormed for any p = (py) € loo.

Definition 1.4. [68] Let X and Y be two nonempty subsets of the space
w. Let A = (ank), (n, k =1,2,.....) be an infinite matrix with elements of

real or complex numbers.

We write

An(x) - Z AnkTi,

k
provided the series converges. Then Ax = (A,(x)) is called the

A-transform of x.

Also
lim Az = lim A,(x)

n—oo
whenever it exists [68]. If z € X implies Ax € Y, we say that A defines a
(matrix) transformation from X into Y and we denote itby A : X — Y.
By (X,Y’) we mean the class of matrices A that maps X into Y.

Definition 1.5. [58] A continuous function M : R — R is called convex

" M(u+v)§M(u)+M(v)

5 ,  forallu,v eR.

If in addition, the two sides of above are not equal for v # v, then we

call M to be strictly convex.

Definition 1.6. [55,58] A continuous function M : R — R is said to be

uniformly convex if for any € > 0 and any uy > 0 there exists 6 > 0 such

Science Publishing Group 7



Zweier I-Convergent Sequence Spaces and Their Properties

that

M<u—;—v) §(1—5)w, forallu,v € R

satisfying |u — v| > emax{|ul, [v|} > euy.

Remark 1.7. If M is convex function and M (0) = 0, then
M(Azx) < AM(x) forall A with 0 < A < 1.

Definition 1.8. An Orlicz function is a function M : [0,00) — [0, 00)
which is continuous, nondecreasing and convex with M (0) = 0,
M(x) > 0forz > 0and M(x) — oo, as x — oo.

If convexity of M is replaced by M (z +y) < M(z) + M (y), then it is
called a Modulus function, defined and discussed by Nakano [58], Ruckle
[62-64].

An Orlicz function M can always be represented in the following integral
form M (x) = [ n(t)dt, where n is known as the kernel of M, is right
differentiable for ¢ > 0, n(0) = 0, n(t) > 0, n is non-decreasing and
n(t) — oo ast — oo.

Lindenstrauss and Tzafriri [55] used the idea of Orlicz function to

construct the sequence space;

Ly = {xGw:ZM(@) < 00, for some p>0};

k=1 P

which is a Banach space with the norm
. N ||
|lz|[pr =inf S p>0: E M({— ) <1;.
p
k=1

Remark 1.9. An Orlicz function satisfies the inequality

M(Ax) < AM(z) forall Awith0 < A < 1.
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Chapter 1 Basic Definitions and Notations
For more details on Orlicz sequence spaces we refer to [55], [21-28].

Definition 1.10.  An Orlicz function M is said to satisfy the
Ay — condition (M € Ay for short) if there exist constant X' > 2 and
up > 0 such that

M2u) < KM (u)

whenever |u| < ug.

Definition 1.11. Let A = ()\;) be a sequence of non-zero scalars. Then
for E, a sequence space, The Multiplier Sequence E(A), associated with

the sequence A is defined as
Statistical convergence is a generalization of the usual notion of
convergence that parallels the usual theory of convergence. The concept

of Statistical convergence was first introduced by Fast [12] and also

independently by Schoenberg [67] for real and complex sequences.

Definition 1.12. [47] A sequence x = (xy) is called Statistically
Convergent to L if

1
lim —|{k: |z, — L| > e,k <n}| =0;
non
where the vertical bars indicate the number of elements in the set.

Remark 1.13. A sequence which converges statistically need not be

convergent.

Example 1.14. Define the sequence x = (x}) by

k, if k=n? n¢&N,
T =
0, otherwise ,
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Zweier I-Convergent Sequence Spaces and Their Properties

and let L = 0. Then

{keN:|z, —L| >e} C{1,4,9,16,.. Kk ..}

We have that
d{keN:|z— L| >€}) =0, forevery € > 0.

This implies that the sequence (z}) converges statistically to zero. But

the sequence (zy) does not converge to L.

Remark 1.15. A sequence which converges statistically need not be
bounded. c.f([5], [7-9], [11], [13], [21-28], [29-38], [39-46].)

Asymptotic and Logarithmic Density 1.16. If A C N, then x4 denotes
characteristic function of the set A, i.e.

xak)=1 if ke A

and
Put
1 n
d = —
o) = =3 xalk),
k=1
. 1 u XA(k)
on(A) = Sh Z ko
k=1
where
1
S, = —.
k
k=1

Then the numbers

d(A) =lim inf d,(A),

n—0o0

10 Science Publishing Group



Chapter 1 Basic Definitions and Notations

d(A) = lim sup d,(A),

n—o0

are called the lower and upper asymptotic density of A,

respectively(cf.[60],p.71). Similarly, the numbers

6(A) = lim inf 9,(A),

n—o0

d(A) = lim sup 0,(A),

n—00

are called the lower and upper logarithmic density of A, respectively. If

there exists
lim d,(A) = d(A),

n—oo
and
lim 0,(A) = d(A),

n—oo
then d(A) and §(A) are called the asymptotic and logarithmic density of A
respectively. It is well known fact, that for each A C N,

(4) <4(A) <9(A) < d(A).

[sH

Hence if d(A) exists, then 0(A) also exists and d(A) = 0(A). The
numbers d(A),d(A),d(A),5(A),5(A),5(A) belong to the interval [0,1].
Owing to the well known formula

n

Sp =

k=1

1
=Inn+vy+0(=),n— oo,
n

e

where + is the Eulers constant.

Definition 1.17. Let X # ¢. A class I C 2% of subsets of X is said to
be an Ideal in X if

[i]1 0 e I;

[ii] A,B € Iimply AUB € I,

Science Publishing Group 11



Zweier I-Convergent Sequence Spaces and Their Properties

liii] Ac,BC Aimply B € I.

An ideal is called non-trivial if X ¢ I while an admissible ideal I further
satisfies {x} € I for each z € X.

Definition 1.18. Let X # ¢. A non-empty class £ C 2% of subsets of X
is said to be Filter in X if

[i] 0 & £;
[ii] A,B € £Limply AN\ B € £;
[iii] A€ £,B D Aimply B € £,

The following Proposition expresses the relation between the notions of
Ideals and Filters.

Proposition 1.19. Let I be a non-trivial ideal in X, X # ¢. Then the
class

L) ={MCX:JAel:M=X - A},
is a filter on X.
The concept of statistical convergence and the study of similar type of
convergence lead to the introduction of the notion of I-convergence of

sequences. The notion gives a unifying look at many types of

convergence related to statistical convergence.

Definition 1.20. Let  be a non-trivial ideal in N. A sequence x = xj, of

real numbers is said to be I-convergent to £ € R if for every € > 0 the set

Ale) ={k: |x, — & > €} € I

If x = (zy) is I-convergent to £ we write [ — lim z;, = £ and the number
¢ is called the [-limit of x = (zy).

12 Science Publishing Group



Chapter 1 Basic Definitions and Notations

The concept of I-convergence satisfies some wusual axioms of

convergence listed below:

[i] Every stationary sequence x = (£,§,..... , ....... ) I-converges to &.

[ii] The uniqueness of limit: If / — limx = £ and I — limx = 7, then
§=1.
[iii] If 7 — limx = &, then for each subsequence y of x we have

I —limy =¢&.

[iv] If each subsequence y of a sequence x has a subsequence z

I-convergent to &, then x is I-convergent to &.
Examples of Ideals 1.21.

[i] Iy = (. This is the minimal non-empty non-trivial ideal in N. A

sequence is Iy convergent if and only if it is constant.

lii] Let ¢ # M C N, M # N. Letl;; = 2M. Then I, is a non trivial
ideal in N. A sequence = = (xy) is Ij,-convergent if and only if it is

constant on N-M.

[iii] Let /¢ denotes the class of all finite subsets of N. Then /¢ is an
admissible ideal in N and I;-convergence coincides with the usual

convergence in R.

[iv] Let
I, ={ACN:d(A) =0}

Then [; is an admissible ideal in N and /;-convergence coincides

with the statistical convergence.

[v] Let
I; = {ACN:§(A) =0}

Science Publishing Group 13



Zweier I-Convergent Sequence Spaces and Their Properties

Then [; is an admissible ideal in N and we call the /s-convergence

the logarithmic statistical convergence.

[vi] The examples [iv] and [v] can be generalised by choosing ¢, > 0,

such that
Z Ccn, = +00.
n=1
Putting
> G
h(A) = Z2E4 (m=123.....) .

D Ci
i=1
Denote by h(A) the lim,,, .o A, (A). Then
I, = {ACN:h(A) =0},

is an admissible ideal in N and /; and [s-convergence are special

cases of [, convergence.
[vii] Let u(A) denotes the uniform density of the set A. Then
I, ={ACN:u(A) =0},

is an admissible ideal in N and /,-convergence will be called the

uniform statistical convergence.

[viii] LetT = (t,x) be a non-negative regular matrix, then foreach A C N

the series
dy(A) = Ztn,kXA(k?) (n=1,2,3......) ,
k=1

converges if there exist

dr(A) = lim d(A).

n—o0

14 Science Publishing Group
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[x]

[xi]

[xii]

Chapter 1 Basic Definitions and Notations

Then dr(A) is called the T-density of A. Putting
I, ={ACN:dr(A) =0},
then I, is an admissible ideal in N.

Let v be a finite additive measure defined on a class U/ of subsets of N
which contains all finite subsets of N and v({n}) = 0 foreachn € N.
v(A) <v(B)if A,B €U, AC B. Then

I, ={ACN:v(4) =0}
1s an admissible ideal in N.

Let j,, : 2 — [0, 1], m=1,2,.... be finitely additive measures defined
on 2V If there exists

p(A) = lim i, (A),

m— 00

then 11(A) is called the measure of A, and
I, = {ACN: u(4) = 0},
is an admissible ideal in N.

Let
N=JD;.
j=1

be a decomposition of N (i.e Dy N D; = ¢ for k # [). Assume
that D;(j = 1,2,....) are infinite sets. Choose D; = {277%(2s —
1) : s = 1,2...}. Denote by J the class of all A C N such that A
intersects only a finite number of D;. Then it is easy to see that 7 is

an admissible ideal in N.

The concept of density p of sets A C N is axiomatically introduced.

Using this concept we can define the ideal

I,={ACN:p(A) =0},

Science Publishing Group 15



Zweier I-Convergent Sequence Spaces and Their Properties

and obtain [,-convergence as a generalization of statistical
convergence.

Relation between I-Convergence and p-statistical Convergence 1.22.

The approach of Connor[7-9] towards the generalization of statistical
convergence is based on using a finite additive measure j defined on the
field I' of subsets of N with u({k}) = 0 for each £ € N and such that
A,Bel,AC Bimplies u(A) < u(B). If we put

I={Ael:pulA) =0},

then it is easy to verify that / is an admissible Ideal in N and

£(I)={BCN:uB)=1}.

Conversely, if I is an admissible Ideal in N, then we put

I'=1U£().

Then I' is a field (Algebra) of subsets of N. Define p : I' — {0,1} as
follows:

p(M)=0 if Mel
p(M) =1 if M e £(I).

Now it is easy to see that I N £(I) = ¢ and pu({k}) = 0. Also the
monotonicity and additivity of y is preserved. Hence these two approaches
towards generalization of statistical convergence seem to be equivalent in

such a sense that each of them can be replaced by the other.
Fundamental arithmatical properties of I-convergence 1.23.

[-Convergence has arithmatical properties similar to the properties of the
usual convergence.
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Chapter 1 Basic Definitions and Notations

Theorem 1.24. Let I be a non-trivial ideal in N

() f I —limz, =¢&, I —limy, =n, then I —lim(z, +y,) =& + 7.
(i) f I —limz, =&, I —limy, = n, then [ — lim(z,,.y,) = &.1n.
(ii1) If 7 is an admissible ideal in N, then lim,, ,, x,, = £ implies

I —limz, =&

Definition 1.25. A sequence (z3) € w is said to be I-convergent to a
number L if for every ¢ > 0. {k € N : |z — L| > €} € I. In this case we
write I — limz;, = L. The space ¢’ of all I-convergent sequences to L is

given by
' ={(zx) ew:{keN: |z, — L| > ¢} €I, forsomeLe C}.

Definition 1.26. A sequence (zj) € w is said to be I-null if L =0 . In

this case we write [ — lim x;, = 0.

Definition 1.27. A sequence (z;) € w is said to be I-cauchy if for every
€ > 0 there exists a number m = m(e) such that {k € N : |z, — z,,| > €} €
I.

Definition 1.28. A sequence (z;) € w is said to be I-bounded if there
exists M >0 such that {k € N : |z;| > M} € I.

Definition 1.29. A map & defined on adomain D C Xieh: D C X —
R is said to satisfy Lipschitz condition if |h(z) — h(y)| < K|x — y| where
K is known as the Lipschitz constant. The class of K-Lipschitz functions
defined on D is denoted by / € (D, K).

Definition 1.30. A convergence field of I-convergence is a set

F(I)={z = (2x) € lw : there exists I — limz € R}.

Science Publishing Group 17



Zweier I-Convergent Sequence Spaces and Their Properties

The convergence field F'(I) is a closed linear subspace of [, with respect

to the supremum norm, F(I) = I, N ¢!,

Define a function & : F(I) — R such that A(x) = I — limz, for all
x € F(I), then the function . : F/(I) — R is a Lipschitz function.

Definition 1.31. A sequence space F is said to be solid or normal if
(apxy) € E whenever (x;) € FE and for all sequence oy, of scalars with
lag| < 1forall k € N.

Definition 1.32. A sequence space L is said to be a sequence algebra if
(xx) * (yx) = (zryx) € E whenever (xy),(yx) € E.
Definition 1.33. A sequence space F is said to be convergencefree if
(yx) € E whenever (z;) € E and z;, = 0 implies y;, = 0.

Definition 1.34. A sequence space F is said to be symmetric if () € E
implies (xrx)) € E where 7 is a permutation on N.

Definition 1.35. A sequence space F is said to be monotone if it contains
the canonical preimages of its step spaces. (c.f.[2], [4], [6], [10], [17], [47],
[48-49], [53-54], [60-61], [65-66], [70], [71-773], [74], [74], [76]).
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Chapter 2

Zweier I-Convergent Sequence

Spaces

“In most sciences one generation tears down what another has built and what one has established another
undoes. In mathematics alone each generation builds a new story to the old structure.”- Hankel.






Chapter 2 Zweier I-Convergent Sequence Spaces

2.1 Introduction

Let [, c and ¢y denote the Banach spaces of bounded,convergent and

null sequences respectively normed by ||z||o = sup |z
k

Each linear subspace of w, for example, )\, u C w is called a sequence

space.

A sequence space X with linear topology is called a K-space provided
each of maps p; : X — C defined by p;(z) = z; is continuous for all
1€ N.

A K-space ) is called an FK-space provided A is a complete linear metric

space.
An FK-space whose topology is normable is called a BK-space.

Let A and p be two sequence spaces and A = (a,y) is an infinite matrix
of real or complex numbers (a,), where n, k € N. Then we say that A
defines a matrix mapping from A to i, and we denote it by writing
AN — .

If for every sequence = = () € A the sequence Az = {(Ax),}, the A

transform of z is in u, where

(Az), = amzr, (neN) 2.1]

k

By (A : i), we denote the class of matrices A such that A : A — p.
Thus, A € (X : p) if and only if series on the right side of [2.1] converges
for eachn € N and every z € .

The approach of constructing new sequence spaces by means of the
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matrix domain of a particular limitation method have been recently
employed by Altay,Basar and Mursaleen[1], Basar and Altay[3],
Malkowsky[57], Ng and Lee[59], and Wang[74]. Sengoniil[68] defined
the sequence y = (y;) which is frequently used as the Z? transform of the

sequence * = (x;) i.e,
yi = px; + (1 = p)wia

where x 1 = 0,p # 1,1 < p < oo and ZP denotes the matrix Z? = (z;;)
defined by

P, (i = k),
ziw=9q 1—p, (i—1=k);(i,k€N),
0, otherwise.

Following Basar and Altay[3], Sengoniil[68] introduced the Zweier

sequence spaces Z and Z as follows
Z={r=(ay) ew:ZPx €c}
Zy={x = () €w: ZPx € co}.
Here we list below some of the results of [68] which we will need as

a reference in order to establish analogously some of the results of this

article.

Theorem 2.1.1. [68, Theorem 2.1] The sets Z and Z, are the linear
spaces with the co-ordinate wise addition and scalar multiplication which

are the BK-spaces with the norm

lz]lz = llxllz = [|272]l.

Theorem 2.1.2. [68, Theorem 2.2] The sequence spaces Z and Z, are
linearly isomorphic to the spaces c and cy respectively, i.e Z = ¢ and
2y = ¢o[See (Theorem 2.2.[18])]
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Theorem 2.1.3. [68, Theorem 2.3] The inclusions Z, C Z strictly hold
forp # 1.

Theorem 2.1.4. [68, Theorem 2.6] Z; is solid.
Theorem 2.1.5. [68, Theorem 3.6] Z is not a solid sequence space.

The following Lemmas will be used for establishing some results of this

article.

Lemma 2.1.6. Let E be a sequence space. If E is solid then E is
monotone. (see [20], page 53).

Lemma 2.1.7. If I C 2Y and MC N. If M €1, then MNN ¢1.
(see [71-72)).

2.2 Main Results

In this chapter we introduce the following classes of sequence spaces.
Z'={z = (v) €w:{k€N:I—1limZ?z = L, forsome Lc C} € I}
Zi={r=(2) Ew:{keN:I—limZPz =0} € I}
ZL={r= (1) Cw: s%p |ZPx| < oo}

We also denote by
mt =2.,nZzZ!
and

mIZO =Z.NZL

Throughout the article, for the sake of convenience now we will denote
by ZP(x1) = o/, ZP(yx) = v/, ZP(z1) = 2/ for 2,9, z € w.
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Theorem 2.2.1. The classes of sequences Z', Z{, m% and m%, are linear

spaces.

Proof. We shall prove the result for the space Z!. The proof for the other
spaces will follow similarly. Let (x), (yx) € Z! and let o, 3 be scalars.
Then

I— lim|x£ — Ly| =0, for some L; € C;

I —lim |y,é — Ly| =0, for some L, € C;

That is for a given € > 0, we have

Alz{keN:]:cé—Ll\>§}eI, 2.2]

A2:{kEN:|y£—L2\>§}€I. [2.3]

we have

(az), + Byp) — (aLy + BLy)| < |o| (|2} — L) + |B8|(|yj — L)
< ‘372 — Ll’ + ’yzé — L2’

Now, by [2.2] and [2.3], {k € N : |(am£ + ﬁy,é) — (aly + BLy)| > €}
C A, U A,. Therefore (axy, + Byp) € Z!

Hence Z7 is a linear space.

Theorem 2.2.2.  The spaces mL and mlzo are normed linear
spaces,normed by
]l = sup |27(2)]. 24]

where xé = ZP(x)

Proof. It is clear from Theorem 2.2.1 that m% and m%, are linear spaces.

It is easy to verify that [2.4] defines a norm on the spaces m’ and méo.
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Theorem 2.2.3. A sequence z = (1) € mb I-converges if and only if

for every € > 0 there exists N, € N such that

{(keN: |z, — ) | <e} emb [2.5]

Proof. Suppose that L = I — lim 2/. Then

Bgz{keN:|x£—L|<§}emIZ for all € > 0.

Fix an N, € B.. Then we have
€

2

€
o, =il < lay, — LI+ |L—af| <5 +5=¢

which holds for all £ € B..
Hence {k € N : |} — x§V| <e}emb.

Conversely, suppose that {k € N : |x£ — x?v| < ¢} € mL. That is
keN:|zl — 2l | <e} €ml forall e > 0. Then the set
kTN, z

C’ez{kEN:xé € [xf\,e—e,x]/\,g—ke]}emfz for all e > 0.

Let J. = [xf\, — €, xf\, + €. If we fix an ¢ > 0 then we have C, € mZ as
well as C'e € m%. Hence C. N C's € m%. This implies that

J=J.NJs#¢

that is
{keN:al eJ}emk

that is
diamJ < diamJ,

where the diam of J denotes the length of interval J. In this way, by
induction we get the sequence of closed intervals

Je=1h 2L D ... DIk D .
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with the property that diam1;, < %diaml x—1 for (k=2,3,4,.....) and
{keN: a:,/g € I} € mL for (k=1,2,3,4,......). Then there exists a £ € NI},
where k& € N such that ¢/ = I — lim a/, thatis L = I — lim z/.

Theorem 2.2.4. Let I be an admissible ideal. Then the following are
equivalent.

(a) (zy) € Z7;
(b) there exists (yx) € Z such that z, = yy, for a.ak.rl;

(c) there exists (yx) € Z and (z;) € Z{ such that x;, = y, + 2, for all
keNand{keN: |y, —L| >e} e,

(d) there exists a subset K = {k; < ks....} of Nsuch that K € £(/) and

lim |z, — L| = 0.
n—oo

Proof. (a) implies (b). Let (x;,) € Z. Then there exists L € C such that

{(keN:|z, —L|>e el

Let (m;) be an increasing sequence with m; € N such that

1
{kgmt:]:cé—leg}eI.

Define a sequence (yi) as

Y = Tk, forall k < m;.

Form;, < k <myq,t € N.

| o, e, - L)<t
Yk L, otherwise.
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Then (yx) € Z and form the following inclusion

{kﬁmt:xk#yk}g{kgmt:|x£—L|26}6[.

We get x; = yi, for a.a.krl

(b) implies (c). For (z) € Z!. Then there exists (y;) € Z such that
x = yi, foraakrl. Let K = {k € N: x; # y,.}, then K € I. Define a
sequence (z) as

rr— Y, ifkeK,
2. =
g 0, otherwise.

Then 2;, € Z} and y;, € Z.
(c) implies (d). Let P, = {k € N: |z;| > ¢} € [ and

K =P ={k <ky<ks<..}e£().

Then we have lim |z, — L| = 0.
n—oo

(d) implies (a). Let K = {k1 < ko < k3 < ...} € £(]) and lim |z, —
n—o0
L| = 0. Then for any € > 0, and Lemma , we have

{(keN:|z, —L| >} CKU{keK: |z, —L| > ¢}
Thus (z;,) € Z7.
Theorem 2.2.5. The inclusions Z/ c Z! C Z! are proper.
Proof. Let () € Z!. Then there exists L € C such that
[ —lim|z) — L| =0
We have |z}| < 1|z} — L| + 1|L|. Taking the supremum over & on both
sides we get (z;) € Z1. The inclusion Z/ C Z7 is obvious.
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Theorem 2.2.6. The function % : m’ — R is the Lipschitz function,
where

mL = ZI'n Z,, and hence uniformly continuous.
Proof. Let ,y € mL, x # y. Then the sets
Ar={k eN:|af - h(z/)] > ]2/ —y/|l.} € I,

Ay ={k eN: |y, — )| > ||/ —y/||.} € L.

Thus the sets,
B, ={keN: |z, — h(z))| < ||/ —y/||.} € mL,

B, ={keN:|y,—n)| <2/ —y/|l.} € mL.

Hence also B = B, N B, € m%, so that B # ¢. Now taking k in B,

(2! = B(y))| < |R(z!) — xp] + o) —ypl + v/ — h(y)| < 3|2/ —y/]]..

Thus A is a Lipschitz function. For mIZO the result can be proved

similarly.
Theorem 2.2.7. If x,y € mZL, then (x.y) € mL and h(zy) = h(z)h(y).
Proof. For e > 0
B, ={keN:|z/ —hz))] < e} € mk,
By = (ke N: |y — h(y))| < e} € mb
Now,
2!y = h(x iy = |2y — 2 hy') + 2/ Wy’ ) — W/ Yh(y))]
< |2/ |ly" = n(y")| + Iny)la" = ()| [2.6]
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AsmL C Z., there exists an M € R such that |2/| < M and
|R(y/)| < M. Using eqn[2.6] we get

|2/ .y — R Yh(y)| < Me+ Me = 2Me

For all k € B, N B, € m%. Hence (z.y) € m% and h(zy) = h(z)h(y).
For mlz0 the result can be proved similarly.

Theorem 2.2.8. The spaces Z} and mIZO are solid and monotone .

Proof. We shall prove the result for Z[. Let (z;) € Z{. Then

I —lim 2| =0 [2.7]

Let (a4) be a sequence of scalars with |ag| < 1 for all £ € N. Then the

result follows from [2.7] and the following inequality |aka7,/€| < o |:1:,/€| <

|x,/€| for all k € N. That the space Z{ is monotone follows from the Lemma

2.1.6. For mlz0 the result can be proved similarly.

Theorem 2.2.9. The spaces Z! and mIZ are neither monotone nor solid,

if I is neither maximal nor / = /7 in general .

Proof. Here we give a counter example. Let I = I5. Consider the K-step
space X of X defined as follows, Let (z;) € X and let (yx) € Xk be
such that

(W) = (z), ifkis odd,
) = 1, otherwise.

Consider the sequence (:Bé) defined by (:Bé) = k~! forall £ € N. Then
(z1) € Z7 but its K-stepspace preimage does not belong to Z7. Thus Z7

is not monotone. Hence Z7 is not solid.
Theorem 2.2.10. The spaces Z! and Z are sequence algebras.
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Proof. We prove that Z! is a sequence algebra. Let (x3), (yr) € Z{.
Then
[ —lim|z]| =0

and
I —lim |y,é| =0

Then we have
[ —1lim |(z}.y))] =0

Thus (z1.yx) € Z1. Hence Z! is a sequence algebra. For the space Z7,

the result can be proved similarly.

Theorem 2.2.11. The spaces Z! and Z! are not convergence free in

general.

Proof. Here we give a counter example. Let / = [;. Consider the

sequence (:cé) and (y,é) defined by

1
xézz and y,ﬁ:k forallk € N

Then (x;,) € Z! and Z{, but (y,.) ¢ Z! and ZI. Hence the spaces Z!

and Z! are not convergence free.

Theorem 2.2.12. If I is not maximal and I # I}, then the spaces Z’ and

Z! are not symmetric.

Proof. Let A € I be infinite. If

/ 1, fork e A,
x) = ‘
0, otherwise.

Then by lemma 1.16. x5, € Z/ C Z!. Let K C N be such that K ¢ [
andN— K ¢ [.Let¢p: K — Aand ¢ : N— K — N — A be bijections,
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then the map 7 : N — N defined by

{ o(k), fork e K,
(k) = .
W(k), otherwise.

is a permutation on N, but ;) ¢ Z’ and z,(,) ¢ Z{. Hence Z' and Z{

are not symmetric.

Theorem 2.2.13. The sequence spaces Z' and Z! are linearly

i i c c ively, i. c = ¢
isomorphic to the spaces ¢! and cf, respectively, i.e Z! = ¢/ and Z] = ¢}

Proof. We shall prove the result for the space Z’ and ¢!. The proof for
the other spaces will follow similarly. We need to show that there exists a
linear bijection between the spaces Z7 and ¢!. Defineamap 7 : Z/ — ¢!
such that z — 2/ = Tx

T(xg) = pry + (1 —plag_y = xé
where x_1 = 0,p # 1, 1 < p < oo. Clearly T is linear. Further, it is trivial

that z = 0 = (0,0,0,...... ) whenever Tz = 0 and hence injective. Let

xé € c! and define the sequence x = z;, by

7

k
re=MY (-DMINFl (ieN)
i=0
where M = % and N = %. Then we have

k
lim pry + (1 — p)zg— = p’}LYgOMZ(—l)k_iNk_ix{+

k—o00
=0

e
—

(1 —-p) lim M (—1)’“4]\7’“*%? = lim xé
k—00 - k—o00

Il
=)

which shows that z € Z7.
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Hence T is a linear bijection. Also we have ||z||. = ||Z?z||.. Therefore

||| = sup [pzy + (1 — p)zp—_1]
keN

k—1
—sup|pMZ k: i ki /+ 1—p MZ k iNk—ixi/|
=0

= sup [z| = []2||s
keN

Hence 21 = ¢!
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3.1 Introduction

The following subspaces of w were first introduced and discussed by
Maddox [56] :

llp) ={rcw: ; |z [P < o0},
loo(p) ={z €w: Sup | [P < oo},
c(p) ={rew: liin |z, — |P* =0, for somel e C },
co(p) ={rew: li}gn |z |Pr =0, },
where p = (py) is a sequence of strictly positive real numbers.
After then Lascarides[53-54] defined the following sequence spaces :

lo{p} = {z € w: there exists r > 0 such that sup |z;7|P*t; < oo},
k

co{p} = {x € w: there exists > 0 such that liin |zgr|Pet = 0, },

I{p} = {x € w: thereexists r > 0 such that ) |zyr|P*t; < oo},
k=1

Where t;, = p,zl, forall ke N.

Recently Khan and Ebadullah [38] introduced the following classes of

sequence spaces:
2" = {(z)) €w: {k € N: I —lim ZPz = L for some L} € I};
ZE={(zp) ew:{keN: I —limZPzx =0} € I};

ZI = {(xp) € w:sup |ZPz] < oo},
k
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We also denote by
mk = 2z, n 2!

and
mfgo =Z.,NZL.
In this chapter we introduce the following classes of sequence spaces:
Zq) ={(z) €ew: {k e N:|ZPx — L|* > ¢} € I, for some Le C };
Z(q) = {(z) €w: {k e N:|ZPz|% > ¢} € I};

Z1(q) = {(wx) € w  sup| 27| < oc}.
k

We also denote by

m%(q) = ZL(q) N Z'(q);

and
m% (q) = ZL(q) N Z5(q);

where ¢ = (qy.), is a sequence of positive real numbers.

Throughout the chapter, for the sake of convenience we will denote by
ZPx =/ ZPy =/, 2Pz = 2/ forall z,y, z € w.

3.2 Main Results

Theorem 3.2.1. The classes of sequences Z'(q), Z{(q), mL(q) and

I .
mz, (q) are linear spaces.

Proof. We shall prove the result for the space Z!(q). The proof for the

other spaces will follow similarly.
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Let (z1), (yx) € Z1(q) and let o, 3 be scalars. Then for a given ¢ > 0

we have
{keN: |x,/€—L1|q’“ > - , forsome L, € C } € I,
2M,
{keN: |y,é—L2]q’“ > L, forsome L, € C } € [;
2M,
where
M; = Dmax{1,sup |a|%};
k
My = Dmax{1, sup |B|*};
k
and
D = maz{1,2%7'} where H = supgq; > 0.
k
Let

A ={keN: |z — L|* < ﬁ for some L, € C } € £(I);
1

Ay ={k € N: |y, — Ly|™ < ﬁ for some L, € C } € £(I);
2
be such that A, A5 € I. Then
As = {k € N : |(a} + By}) — (aLy + BL)|%) < ¢}
€
O {keN:|a|%z] — Ly|* < Q—Ml\a]qu}

€
N{k € N : |B|%|y, — Ly|™ < ——|8|*D}.
{k € N: 8%y = Lol < 3-13"D}
Thus A C ASU AS € I. Hence (axy, + Byx) € Z'(q). Therefore Z7(q)
is a linear space. The rest of the result follows similarly.

Theorem 3.2.2. Let (qx) € loo. Then m%(q) and m% (q) are paranormed

spaces, paranormed by

g(z) = sup |37k|%, where M = max{1,sup g}
k k
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Proof. Let 7 = (z),y = (yx) € mL(q).

[i] Clearly, g(z) = 0 if and only if x = 0.
[ii] g(z) = g(—x) is obvious.
[iii] Since { < 1 and M > 1,using Minkowski’s inequality we have
% % %
sup |zx + yp| M < sup |zg| ™ + sup |yg| .
k k k
[iv] Now for any complex A we have (\;) such that \;, — A, (K — 00).
Let 2, € mL(q) such that |z, — L|% > e. Therefore,
g(x — Le) = sup |zy — L|§T]§ < sup |xk|qﬁk + sup |L|%,
k k k
where e = (1,1,1.....). Hence
9k = AL) < g(Anwk) + g(AL) = Ang(x) + Ag(L),
as k — oo. Hence mL(q) is a paranormed space. The rest of the
result follows similarly.
Theorem 3.2.3. mL(q) is a closed subspace of 1., (q).

Proof. Let (z\") be a Cauchy sequence in mZ(g) such that (™ — z.

We show that z € mZL (g). Since (™) € mL(g), then there exists a, such

that
{(keN:|z™ —q,| >e} el

We need to show that

[i] (a,) converges to a.

[ii] fU ={k eN: |z —a|] <e}, thenU° € I.
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[i] Since (x,(cn)) is a Cauchy sequence in m%(q) then for a given ¢ > 0,

there exists kg € N such that

sup |$l(€") — :)3,(;)| < g, foralln,i > k
k

For a given € > 0, we have
B, ={keN: |x,(€n) — ZL‘](;)| < g},
Bi={keN:|z\" —q) < g},
W= {keN: |z —a,| < g}.

Then B¢

ne)

B¢, Bt el

Let
B¢ =By, UB;UB,,

where
B ={keN:|a;—a,| <€}

Then B¢ € 1. We choose ky € B¢, then for each n,7 > ky, we have
{(keN:|a—ay <} 2{keN: |z —qf <§}
N{keN: |x§€n) — .73](;)| < %} N{keN: |ac,(€") —ap| < g}

Then (a,,) is a Cauchy sequence of scalars in C , so there exists a scalar
a € C such that a,, — a, as n — oo.
[ii] Let 0 < 6 < 1 be given. Then we show that if

U={keN:|zxy—a|* <},
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then U¢ € I. Since (™ — z, then there exists qo € N such that

P={keN:|z® —z| < (3%)1‘/[} [3.1]

which implies that P¢ € [.
The number ¢, can be so chosen that together with [3.1], we have

)
Q= {k €N:lay — af* < (55)M},

such that Q¢ € 1

Since
{keN:|zl®) —q |7 >} el

Then we have a subset S of N such that S¢ € I, where
)
S = {k’ eEN: |flf(q0) — aq0|q’“ < (3—D)M}
Let
U= P UQ“US",
where
U={keN:|zp—a|™ <}

Therefore for each k£ € U¢, we have

{keN: |z, —a|® <6} D{keN: |z® — g% < (%)M}

) )
N{keN: |x(qo) - aqo|qk < <3_D)M} N{keN: |aq0 —al™ < (3_D>M}

Then the result follows.

Since the inclusions m% (¢) C lw(q) and m% (q) C Il (q) are strict so in
view of Theorem 2.2.3 we have the following result.
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Theorem 3.2.4. The spaces m%(q) and m% (¢q) are nowhere dense
subsets of o, (q).

Theorem 3.2.5. The spaces m¥%(¢) and m¥%_(g) are not separable.

Proof. We shall prove the result for the space m%(q). The proof for the
other spaces will follow similarly.

Let M be an infinite subset of N of increasing natural numbers such that
M e 1. Let
1, ifke M,
dx = .
2, otherwise.

Let

Py={(z) :zx=0or 1, for k € M and zy = 0, otherwise}.

Clearly F, is uncountable. Consider the class of open balls

By = {B(=, %) .2 € Py

Let C; be an open cover of mL(q) containing B;. Since B is
uncountable, so C; cannot be reduced to a countable subcover for m%(q).

Thus m%(q) is not separable.
Theorem 3.2.6. Let G = sup g < oo and [ an admissible ideal. Then
k
the following are equivalent:
[a] (xx) € Z7(q);
[b] there exists(yx) € Z(q) such that x, = yy, for a.ak.rl;

[c] there exists(yx) € Z(q) and (x3) € Z[(q) such that z), = y; + 2, for
allk e Nand {k e N: |y, — L|*) > e} € I ;
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[d] there exists a subset
K ={k; < ky....} of N,
such that K € £(I) and

lim |xy, — L|%» = 0.
n—oo

Proof.
[a] implies [b].
Let (z) € Z7(q). Then there exists L € C such that

{(keN: |z, —L|* >ct el

Let (m;) be an increasing sequence with m; € N such that

{(k<my: |z, —LI*>t"Y el

Define a sequence (yx) as

yr =z, forall £k <m;.

Form; < k < myq,t €N,

o, if |z} — L|% < 72,
k= .
Y L, otherwise.

Then (yx) € Z(¢) and from the following inclusion
{k<mp:an g} C{k<my:laf — L") > e} € I,
we get x, = yy, for a.a.kr.L
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[b] implies [c].

For (x;) € Z!(q), there exists (yx) € Z(q) such that x;, = 1y, for
a.akrl Let

K ={keN:x,#yc}

then k € I. Define a sequence (z) as

2. =
g 0, otherwise.

Then 25, € Z{(q) and yi, € Z(q).
[c] implies [d].
Suppose [c] holds. Let € > 0 be given. Let
Pi={keN:|z|®*>c} el
and

KIPfI{k1<k2<k3<}€£(]>

Then we have

lim \xé — L|%» = 0.
n—+00 n

[d] implies [a].

Let
K:{k1<k2</€3<}€£(1>
and

lim |xé — L|%n = 0.
n—00 n

Then for any € > 0, and Lemma 3.1.1., we have

{keN:|zp—L|* >} CKU{k € K : |z}, — L|" > e}.
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Thus (z1) € Z1(q).
Theorem 3.2.7. Let h = iréf qr and G = sup qx. Then the following
k
results are equivalent.
[a] G < oo and A > 0.

[b] Z{(q) = Z.

Proof. Suppose that G < oo and i > 0, then the inequalities
min{l,s"} < s% < maz{l,s°},

hold for any s > 0 and for all £ € N. Therefore the equivalence of [a] and

[b] is obvious.

Theorem 3.2.8. Let (q) and (ry) be two sequences of positive real
numbers. Then m% (q) 2 m%, (r) if and only if lim inf & > 0, where
K¢ C Nsuchthat K € 1.

Proof. Let lim inf 2 > 0 and (v) € m, (r). Then there exists 8 > 0
€

such that g, > (ry, for all sufficiently large k € K. Since (z;,) € m¥% (r)
for a given € > 0, we have

By={keN:|x|™* >e} el

Let Go = K¢ U By then Gy € I. Then for all sufficiently large k£ € G|,

{keN:|zu|%) > e} C{k e N:|z[™") > e} € 1.

Therefore (x) € m% (¢q). The converse part of the result follows

obviously.
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Theorem 3.2.9. Let (gx) and (1) be two sequences of positive real
numbers. Then m% (r) 2 m% (q) if and only if lim inf & > 0, where
S
K¢ C Nsuchthat K € I.

Proof. The proof follows similarly as the proof of Theorem 3.2.8.

Theorem 3.2.10. Let (gx) and (r;) be two sequences of positive real

numbers. Then ml(r) = m{(q) if and only if lim inf & >0, and
1 )

lim inf 2= > 0, where K C N such that K¢ € I.

keK Ik

Proof. By combining Theorem 3.2.8 and 3.2.9 we get the required result.
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Chapter 4

Zweier I-Convergent Sequence
Spaces Defined by Orlicz

Function

“Mathematics is a free flow of thoughts and concepts which a mathematicians, in the same way as musician
does with the tones of music and a poet with words, puts together into theorems and theories”- Orlicz.






Chapter 4 Zweier I-Convergent Sequence Spaces Defined by Orlicz Function

4.1 Introduction

An Orlicz function is a function M : [0,00) — [0,00) which is
continuous, nondecreasing and convex with M (0) = 0, M(x) > 0 for
x> 0and M(x) — oo, as x — oo.

If convexity of M is replaced by M (z + y) < M (x) + M (y), then it is
called a Modulus function, defined and discussed by Nakano [58], Ruckle
[62-64].

An Orlicz function M can always be represented in the following integral
form M (x fo t)dt, where 7 is known as the kernel of M, is right
dlfferentlable fort > 0, n(0) = 0, n(t) > 0, n is non-decreasing and
n(t) — oo ast — oo.

Lindenstrauss and Tzafriri [55] used the idea of Orlicz sequence space;

Ly = {xew:ZM(M) < 00, for some p>0};

k=1 P

which is a Banach space with the norm
||
|||y =inf < p>0: E M <1y.
p

Remark . An Orlicz function satisfies the inequality

M(Ax) < AM(z) forall Awith0 < A < 1.

For more details on Orlicz sequence spaces we refer to [55], [21-28].
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4.2 Main Results

In this chapter we introduce the following classes of sequence spaces:

L= L
ZIM) = {(z1) €Ew: I—limM(M) = 0 for some L and p > 0},
p
24
ZEM) = {(x1) € w: I —lim M(~*) = 0 for some p > 0},
p
74
ZL (M) = {(z) € w: sup M(—2) < oo for some p > 0}.
k P

Also we denote by
mz(M) = Zo (M) N 2'(M)

and
mb, (M) = Z(M) N Z§(M).

Theorem 4.2.1. For any Orlicz function M, the classes of sequences
ZH (M), Z{ (M), m% (M) and m% (M) are linear spaces.

Proof. We shall prove the result for the space Z/(M). The proof for the
other spaces will follow similarly.

Let (z), (yr) € Z7(M) and let o, 3 be scalars. Then there exists
positive numbers p; and ps such that

@) — Ly|

I —lim M (
P1

) =0, for some L; € C;
[y = Lo|

I —lim M (
P2

) =0, for some Ly € C.
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That is for a given € > 0, we have

|2, — Ly o€

Av={keN: M(HE =) > S el [4.1]
/
AQ:{kEN:M(W)>§}EI. [4.2]

Let p3 = max{2|a|p1,2|B|p2}. Since M is non-decreasing and convex
function, we have

(o), + Byp) — (aLy + BLy))|
P3

M( )
/ /
P3 P3
/ /
|xk L1|>—|—M(|Z/k L2|

< M(
P1 P2

).

Now, by [4.1] and [4.2],

(ax) + Byp) — (aLy + BLo)]
P3

{keN:M( ) > €} C AU As.

Therefore
(azy + Byr) € Z1(M).

Hence Z!(M) is a linear space.

Theorem 4.2.2. The spaces m% (M) and m% (M) are Banach spaces

normed by
]| = inf{p > 0 - sup M(ZE) < 1),
k p

Proof. Proof of this result is easy in view of the existing techniques and

therefore is omitted.
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Theorem 4.2.3. Let M; and M, be Orlicz functions that satisfy the A,-
condition. Then

[b] X (M) N X (M) C X(M,; + My) for X = Z', Z] mb and m’ .

Proof. [a] Let (z3) € ZL(M,). Then there exists p > 0 such that
74
I— hmM (—) = 0. [4.3]
p

Let ¢ > 0 and choose § with 0 < ¢ < 1 such that M;(t) < e for
0 <t <4. Write )
|z
= My(FE),
o )
and consider

lim  Mi(y) = hm Ml(yk)—i— lim M (yx).
Y >0,keN

0<y <d,keN Y <0,k

We have

< .l . .
ykllér%eN Ml(yk) My (2) ykélél};clEN(yk) [4 4]

For (y;) > J, we have

() < (5) <1+ (5).

Since M is non-decreasing and convex, it follows that

Mi(y) < My(1+ (%

1 2y
) < Ian@ + 1),

2 )

Since M, satisfies the /\,-condition, we have

M) < 2K 2) + 2K (2

Yk
K SK(EM(2) = K%

) Vi (2).
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Hence

lim M (yr) < max(1, K6~ 'M(2)) lim (y). [4.5]

Yy >0,keN Yy >0,keEN

From [4.3], [4.4] and [4.5], we have (1) € Z!(M;.M,). Thus
ZH(My) € ZF( M. My).

The other cases can be proved similarly.

[b] Let
(z) € ZL(My) N ZL(My).

Then there exists p > 0 such that

2
I —hli(M) =0

P

and y
I— hmMg(M) = 0.

P

The rest of the proof follows from the following equality

. 20y o (R i 2 (1
lim(M; + Ms)(—%) = lim My (—%) + lim My (—*
keN p keN P keN p

).

Therem 4.2.4. The spaces Z{ (M) and m% (M) are solid and monotone.

Proof. We shall prove the result for ZJ (M ). For m% (M) the result can
be proved similarly. Let (z) € Z{(M). Then there exists p > 0 such that

E RS

I— hm M( )=0. [4.6]

=[5

Let (o) be a sequence of scalars with || < 1 for all £ € N. Then the

result follows from [4.6] and the following inequality

A

M(

A EA
) < |og|M(—=) < M(—=) forall k € N.
p P
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By Lemma 4.1.1, a sequence space E is solid implies that E is monotone.

We have the space Z/ (M) is monotone.

Theorem 4.2.5. The spaces Z/(M) and mL (M) are neither solid nor

monotone in general.
Proof. Here we give a counter example.

Let [ = I; and M(z) = 2? for all x € [0,00). Consider the K-step
space X (M) of X (M) defined as follows, let (z;) € X (M) and let
(yx) € X (M) be such that

Tk, if k is even,
Yk = .
0, otherwise.

Consider the sequence z; defined by z;, = 1 for all £ € N. Then
() € Z1(M) but its K-stepspace preimage does not belong to Z/(M).
Thus Z7(M) is not monotone. Hence Z?(M) is not solid.

Theorem 4.2.6. The spaces Z! (M) and Z (M) are not convergence free

in general.

Proof. Here we give a counter example. Let I = Iy and M (z) = 2* for

all z € [0, 00). Consider the sequence () and (y) defined by
1
Ty = z and y, = k forall £ € N.

Then (z;) € Z!(M) and ZJ(M), but (y) ¢ Z'(M) and Z{(M).
Hence the spaces Z/(M) and Z/ (M) are not convergence free.

Theorem 4.2.7. The spaces Z! (M) and Z'(M) are sequence algebras.
Proof. We prove that Z/(M) is a sequence algebra. For the space
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Z1(M), the result can be proved similarly. Let (z3), (yr) € ZL(M). Then

/
I—limM(M) =0 for some p; >0
P1

and
/

I— limM(@) =0 for some py > 0.
P2

Let p = py.p2 > 0. Then we can show that

/.
7 — tim ar ([l
p

Thus
(Tr-yx) € Zé(M).

Hence Z! (M) is a sequence algebra.

Theorem 4.2.8. Let M be an Orlicz function. Then the inclusions
Zé(M) C ZI(M) C Zio(]\/[) hold.

Proof. Let (z) € ZI(M). Then there exists L € C and p > 0 such that

- L
It ar (=
p
We have , ;
ol Lol =Ll 1L
M(ZE) < cM(———) + SM(—).
2p 2 p 2 p

Taking supremum over k both sides we get

(z) € ZL(M).

The inclusion
Z§(M) c Z'(M)
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is obvious.

Theorem 4.2.9. If I is not maximal and I # I}, then the spaces Z!(M)

and Z! (M) are not symmetric.

Proof. Let A € I be infinite and M (z) = z for all z € [0, 00). If

1, for k € A,
T = .
0, otherwise.

Then (x;,) € ZLH(M) c ZI1(M), by lemma 3.1.8. Let K C N be such
that K ¢ JandN—- K ¢ [. Let¢: K - Aandy : N— K - N— Abe
bijections, then the map 7 : N — N defined by

o(k), for k € K,
Ww(k), otherwise.

is a permutation on N, but (z)) & Z'(M) and () ¢ Z{(M). Hence
ZI(M) and Z'(M)are not symmetric.
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On Some Zweier I-Convergent
Sequence Spaces Defined by a

Modulus Function

“Good mathematicians see analogies between theorems or theories, the very best ones see analogies between
analogies”- Banach.






Chapter 5 On Some Zweier I-Convergent Sequence Spaces Defined by a Modulus Function

5.1 Introduction

Ruckle[62-64] used the idea of a modulus function f to construct the
sequence space

X(f) = {o = (@) : D flanl) < oo},

This space is an FK space, and Ruckle[62] proved that the intersection of
all such X ( f) spaces is ¢, the space of all finite sequences. The space X (f)
is closely related to the space ¢; which is an X (f) space with f(x) = z for
all real x > 0. Thus Ruckle[62-64] proved that, for any modulus f,

X(f) Clyand X(f)* = Voo

where

X(N*={y=(y) Ew: Zf|yk:$k:| < oo}
k=1

The space X (f) is a Banach space with respect to the norm

2]l =)~ f(l2kl) < 00.(See[62]).
k=1

Spaces of the type X (f) are a special case of the spaces structured by
Gramsch in[16]. From the point of view of local convexity, spaces of the
type X (f) are quite pathological. Therefore symmetric sequence spaces,
which are locally convex have been frequently studied by Garling[14-15],
Ko6the[50], Kolk[51-52] and Ruckle[29-31].

In this chapter we introduce the following class of sequence spaces.
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ZI(f) = {(21) € w : thereis L € C such that
for ¢ > 0,{k e N: f(|axy — L|) > ¢} € I},
ZHf) = {(z1) €w :foragivene > 0,{k € N: f(|zy|) > e} € I},
ZL(f)={(z1) €w: {k € N: f(Jxx]) > M} € I, for each fixed M>0}.

We also denote by

and

mz,(f) = 2 () N Z5(f)-

5.2 Main Results
Theorem 5.2.1. For any modulus function f, the classes of sequences
Z1(f), Z§(f), mE(f) and m% (f) are linear spaces.

Proof. We shall prove the result for the space Z7(f). The proof for the
other spaces will follow similarly. Let (z}), (yx) € Z%(f) and let o, 3 be

scalars. Then
I —lim f(|xx — L1]) = 0, for somel; € C ;

I —lim f(|yx — Lo|) = 0, for someLy, € C ;

That is for a given € > 0, we have

A ={keN: f(loy — Li]) > g}el, [5.1]
Ay={k €N: fllye = Lof) > S} € 1. 5.2]
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Since f is a modulus function, we have
f((axe + Byr) — (aly + BLo)|) < f(lallzx — Lu]) + f(IBllyx — Lol)
< f(lor = La]) + f(lyx — L2|)

Now, by [5.1] and [5.2], {k € N: f(|(az), + Byi) — (Ly + BLs)|) > €}

C A; U Ay. Therefore (axy, + Byr) € Z'(f). Hence Z'(f) is a linear
space.

We state the following result without proof in view of Theorem 5.2.1.

Theorem 5.2.2. The spaces m% (f) and m%, (f) are normed linear spaces,
normed by

JEA ZS%pf(ll“kl)- [5.3]

Theorem 5.2.3. A sequence * = (z) € mL(f) I-converges if and only
if for every € > 0 there exists N, € N such that

{k € N : f(‘l’k — XN,

) <€} € mz(f). [5.4]
Proof. Suppose that L = I — lim z. Then
B.={keN: |z, —L| < g} e mL(f). Forall ¢ > 0.
Fix an N, € B.. Then we have
on. = el < Jow = LI |L— ol < 545

2
which holds for all k € B.. Hence {k € N: f(|zy —zn.|) < €} € mL(f).

=€

Conversely, suppose that {k € N : f(|zy — zn.
is{k e N: (|Jog — xn,

) < €} € mL(f). That
) < €} € mL(f) forall e > 0. Then the set

C.={keN:x, €lzy, —€,xn + ¢} €mL(f) forall e > 0.
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Let J. = [zy, — €, zn, +¢]. If we fix an € > 0 then we have C, € m%L(f)
as well as Cc € m%(f). Hence Cc N Cs € m%(f). This implies that

JeNJs# 6
that is
{keN:x, € J}emL(f)

that is
diamJ < diam.J.

where the diam of J denotes the length of interval J. In this way, by
induction we get the sequence of closed intervals

Je=1h) 2L D ... DR R R

with the property that diam [}, < %dz’amfk,l for (k=2,3,4,.....) and

{k € N:x, € I} € mL(f) for (k=1,2,3,4,......). Then there exists a
¢ € NI where k € Nsuchthat{ = I —limz. Sothat f(§) = I —lim f(x),
thatis L = I — lim f(z).

Theorem 5.2.4. Let f and g be modulus functions that satisfy the
Ay-condition. If X is any of the spaces Z7, Z[, m% and mZ%, etc, then the

following assertions hold.
(@) X(9) € X(f.9),
(b) X(f)NX(g) € X(f+g)

Proof. (a) Let (z3) € Z[(g). Then

I— liing(|xk|) =0. [5.5]

Let € > 0 and choose ¢ with 0 < § < 1 such that f(¢) < e for
0 <t < 4. Write yx, = g(|zx|) and consider h,?l flyk) = liin F(Yk)yr<s +
lilgn f(Yk)y,>s. We have

lim f(ye) < f(2)lim(ys) [5.6]
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For g, > 4§, we have y,, < % < 14 2. Since f is non-decreasing, it
follows that

1 1,2
Fl) < L+ 5 < SF@) + 5/(55)
Since f satisfies the A,-condition, we have
Fl) < 5K%5(@) + 5K % f2) = K% 7o)
Hence
lim £(ye) < ma(1, K)57£(2) lim(). 5.7)

From [5.5], [5.6] and [5.7] we have (z;,) € ZL(f.9).
Thus Z/(g) C ZI(f.g). The other cases can be proved similarly.
(b) Let (x1,) € ZL(f) N Z{(g). Then

I —lim f(|2]) = 0 and I —lim g(|xx|) = 0

The rest of the proof follows from the following equality

tim(f -+ g)((ax]) = lim f(|oe]) + lim (4]

Corollary 5.2.5. X C X(f) for X =Z', Z{, m% and m%,.
Theorem 5.2.6. The spaces Z{(f) and m% (f) are solid and monotone.

Proof. We shall prove the result for ZI(f). Let (z3) € ZL(f). Then
I—liinf(|$k|) =0. [5.8]

Let (o) be a sequence of scalars with || < 1 for all & € N. Then the

result follows from [5.8] and the following inequality

f(lewar]) < lewlf(|xx]) < f(|ax|) for all k € N.
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That the space Z!(f) is monotone follows from the Lemma 5.1.1. For

m%, (f) the result can be proved similarly.

Theorem 5.2.7. The spaces Z!(f) and mL(f) are neither solid nor

monotone in general .

Proof. Here we give a counter example. Let [ = I5 and f(x) = 2 for
all z € [0, 00). Consider the K-step space X (f) of X defined as follows.

Let (z;) € X and let (y,) € X be such that

(xr), ifkiseven,
(yx) = .
0, otherwise.

Consider the sequence (zy) defined by (z;) = 1 for all & € N. Then
(rx) € Z!(f) but its K-stepspace preimage does not belong to Z!(f).
Thus Z(f) is not monotone. Hence Z7( f) is not solid.

Theorem 5.2.8. The spaces Z7(f) and Z!(f) are sequence algebras.

Proof. We prove that Z[(f) is a sequence algebra. Let
(zx), (yr) € ZL(f). Then

I —tim f(|ae]) = 0
and

I —lim f(lyel) = 0

Then we have
I —Tim f(|(z-yx)]) = 0

Thus (z3.yx) € Z{(f) is a sequence algebra. For the space Z!(f), the

result can be proved similarly.
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Theorem 5.2.9. The spaces Z'(f) and Z!(f) are not convergence free

in general.

Proof. Here we give a counter example. Let / = I and f(z) = 2® for

all z € [0, 00). Consider the sequence () and (y) defined by

1
xk:% and y, =k forall k € N

Then (z) € Z1(f) and ZL(f), but (yx) & Z(f) and Z!(f). Hence the

spaces Z{(f) and Z{(f) are not convergence free.

Theorem 5.2.10. If I is not maximal and I # I, then the spaces Z7(f)

and Z!(f) are not symmetric.
Proof. Let A € I be infinite and f(z) = z for all z € [0, 00). If

{ 1, fork e A,
T =

0, otherwise.

Then by lemma 1.22 (x,) € ZL(f) € ZI(f). Let K C N be such that
Ké¢landN—-—K ¢ . Let¢: K - Aandy : N— K — N— Abe
bijections, then the map 7 : N — N defined by

e :{ o(k), for € K,
W(k), otherwise.

is a permutation on N, but x4y ¢ Z7(f) and x4y ¢ Z{(f). Hence Z'(f)
and Z!(f) are not symmetric.

Theorem 5.2.11. Let f be a modulus function. Then ZI(f) C Z1(f) C
Z()

Proof. Let (z;) € Z!(f). Then there exists L € C such that
I —1lim f(Jzg — L) =0
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We have f(|zx]) < 3 f(|lzx — L|) + f3(|L]). Taking the supremum over
k on both sides we get (z;) € ZL (f). The inclusion Z{(f) C ZI(f) is

obvious.

Theorem 5.2.12. The function / : mL(f) — R is the Lipschitz function,

where mL(f) = Z1 (f) N Z1(f), and hence uniformly continuous.
Proof. Let z,y € mL(f), x # y. Then the sets
A, ={keN: |z, — h(z)] > ||z —yl||} € 1,

Ay={keN: |y, —hy) > ||z —yl} €1

Thus the sets,
By = {k € N: |z, — h(z)| < ||z — y[|.} € m&(f),
By =A{k e N: |y, — h(y)| < ||z —yl[.} € mZ(f).

Hence also B = B, N B, € m5(f), so that B # ¢. Now taking k in B,

() = h(y)| < |A(@) — ai| + |ow = yel + |ye = By)| < 3]l — yl..

Thus A is a Lipschitz function. For the space méo (f) the result can be

proved similarly.

Theorem 5.2.13. If z,y € m%L(f), then (z.y) € m%L(f) and
h(ay) = h(z)h(y).

Proof. For e > 0
B, ={k € N: |z, — h(zx)| < e} € mL(f),
B, = {k e N: |y, — i(y)| < e} € mL(f).
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Now,
[zrye — B(2)(y)| = |21y — 21h(y) + 2:l(y) — A(x)R(y)|

< |akllys — 1(y)] + [AY)||lzx — h(z)] [5.9]

As mL(f) € ZL(f), there exists an M € R such that |z;| < M and
[A(y)| < M.

Using eqn [5.9] we get

|zrye — R(2)h(y)] < Me+ Me =2Me

For all k € B, N B, € m/(f). Hence (z.y) € m%(f) and h(xy) =
h(z)h(y). For the space m% (f) the result can be proved similarly.
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“The essence of mathematics lies in its freedom”- Cantor.






Chapter 6 Zweier I-Convergent Sequence Spaces Defined by a Sequence of Modulii

6.1 Introduction

Recently Khan and Ebadullah[31] introduced the following classes of

sequences
ZHf) ={(zx) €w: {k €N: f(lz, — L|) > ¢, forsome Le C } € I},
Zo(f) ={(zx) €w: {k € N: f(lu]) > e} € T},

ZL(f) ={(zp) €w: {k € N: f(|zx|) > M, for each fixed M>0} € I}.

We also denote by

mz(f) = Z..(f)n Z'(f)

and
mz, (f) = Z5,(f) N Z5(f).

In this chapter we introduce the following class of sequence spaces.
ZIF) ={(zp) ew: {k €N: fi(|lzx—L|) > ¢, forsome Le C } € I},

Z3(F) = {(z) €w: {k €N fi(lon]) > e} € I},

ZI(F)={(z1) €w: {k € N: fu(|z|) > M, for each fixed M>0} € I}.

We also denote by

and
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6.2 Main Results

Theorem 6.2.1. For a sequence of modulii ' = (f), the classes of

sequences Z'(F), Z[(F), m%(F) and m% (F) are linear spaces.

Proof. We shall prove the result for the space Z!(F'). The proof for the
other spaces will follow similarly. Let (1), (yx) € Z(F) and let o, 3 be
scalars. Then

I —lim fy(|zx, — Ly1]) = 0, for somel; € C ;

I —lim fi(|Jyx — L2|) = 0, for someL, € C

That is for a given € > 0, we have

A ={keN: fillzy — Li|) > g} el, 6.1]
Ay ={k €N: fillye = Lol) > S} € 1. 6.2]

Since f}, is a modulus function, we have
Je(|(axy 4 Byr) — (aLy + BL2) < fi(laf|lwe — Li]) + fe([Bllyx — L)

< fillzr — Lal) + fa(lyx — Lal)

Now, by [6.1] and [6.2], {k € N: fi.(|(axr+ Byx) — (L1 + SLs)|) > €}
C A, U A,. Therefore (axy + fyx) € Z1(F). Hence ZI(F) is a linear
space.

We state the following result without proof in view of Theorem 6.2.1.

Theorem 6.2.2. The spaces m%(F) and m% (F) are normed linear

spaces, normed by
Jaull. = sup f(fas]). 6.3
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Theorem 6.2.3. A sequence z = (1) € mL(F) I-converges if and only
if for every € > 0 there exists /N, € N such that

{kEN5fk(|xk_stD <€} Emé(F) [64]

Proof. Suppose that L = I — lim z. Then

B.={keN:|z,—L| < %} € mL(F). Forall e > 0.

Fix an N, € B..Then we have

€
2
) < e} € mL(F).

€
len. —an] <oy, = LI+ | L—ap| <5+ 5 =e

which holds for all £ € B.. Hence {k € N : fi.(|xpr—2zn,

Conversely, suppose that {k € N : f.(|zx — zn.|) < €} € mL(F). That
is{k € N: (|zy —xn.|) < e} € mL(F) forall e > 0. Then the set

C.={keN:x, €[ry —€,an +€} €mL(F) foralle > 0.

Let J. = [y, — €, 2y, +¢]. If we fix an € > 0 then we have C. € mL(F)
as well as C'c € m%(F). Hence C. N Cs € m5(F). This implies that

JNJe#¢

that is
{keN:x, € J} € mL(F)

that is
diamJ < diamJ,

where the diam of J denotes the length of interval J. In this way, by

induction we get the sequence of closed intervals

Je=1h) 2L D ... DIk D .
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N:zp € I} € mL(F) for (k=1,2,3,4,......). Then there exists a £ € NI}
where k£ € N such that { = I — limx. So that f(§) = I — lim fi(z), that
is L =1 —lim fi(z).

with the property that diamlI;, < LdiamlI,_, for (k=2,3,4......) and {k €

Theorem 6.2.4. Let (f;) and (gx) be modulus functions for some fixed
k that satisfy the Ay-condition. If X is any of the spaces Z7, Z! m’ and
mlzo etc, then the following assertions hold.

(@) X(gx) € X(fr-9%),
(b) X (fr) N X(gr) € X (fr + gr)-

Proof. (a) Let (z,,) € ZI(gx). Then
I —lim gy (|zn]) = 0 [6.5]
Let ¢ > 0 and choose § with 0 < § < 1 such that fi(t) < e for 0 <

t < 0. Write y,, = g(|x,|) and consider lim fi(y,) = Hm fi(yn)y,<s +
lim fi(yn)y,>s. We have

hrrln fk(yn) < fk(2) hrrln(yn)' [6'6]

For y,, > 6, we have y, < 3”7” <1+ %". Since fj is non-decreasing, it
follows that

o) < U+ 2 < S2) + S 2

Since f, satisfies the /\y-condition, we have

fulon) < SK%£u2) + KB (2) = K% £y(2)
Hence
lim fi.(yn) < max(LK)J ™" fi(2) lim (y,). [6.7]
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From [6.5], [6.6] and [6.7], we have (z,,) € Z{(fr-gx)-
Thus Z{(g) € ZL(fr-gx)- The other cases can be proved similarly.

(b) Let (x,,) € ZL(fr) N ZL(gr). Then

I —lim f(|z,|) = 0 and I — lim gi(|x,|) =0

The rest of the proof follows from the following equality

tim(fe + gi) () = i fifa]) + lim gif]).

Corollary 6.2.5. X C X (f;) for some fixed k and X =27, ZI ' m% and

I
mz, .

Theorem 6.2.6. The spaces Z{(F) and m% (F) are solid and monotone.
Proof. We shall prove the result for Z!(F'). Let (z1,) € ZI(F). Then
I~ tim fy(fou]) =0 65

Let (a4) be a sequence of scalars with |a| < 1 for all £ € N. Then the
result follows from [6.8] and the following inequality

fellewerl) < ol fi(lzrl) < fillorl) for all k€ N.

That the space Z{(F') is monotone follows from the Lemma 6.1.1. For

m%, (F) the result can be proved similarly.

Theorem 6.2.7. The spaces Z!(F) and mL(F) are neither solid nor

monotone in general .

Proof. Here we give a counter example. Let I = I5 and f(z) = 22 for
some fixed k and for all z € [0, c0). Consider the K-step space Xk (fx) of
X defined as follows.
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Let (z,,) € X and let (y,,) € X be such that

(z,), ifniseven,
(yn) = {

0, otherwise.

Consider the sequence (z,,) defined by (z,,) = 1 for all n € N. Then
(r,) € ZI(F) but its K-stepspace preimage does not belong to Z’(F).
Thus Z!(F) is not monotone. Hence Z(F') is not solid.

Theorem 6.2.8. The spaces Z/(F') and Z!(F') are sequence algebras.

Proof. We prove that ZI(F) is a sequence algebra. Let
(z1), (yr) € Z{(F). Then

I —lim fi(|zx]) =0
and

I —lim f(|yx|) = 0

Then we have
I —lim fi([(ze-gn)]) = 0

Thus (z;.yx) € Z{(F) is a sequence algebra. For the space Z!(F), the

result can be proved similarly.

Theorem 6.2.9. The spaces Z/(F') and Z/(F) are not convergence free

in general.

Proof. Here we give a counter example. Let I = I and fi.(z) = 2® for
some fixed k and for all = € [0, c0). Consider the sequence (z,,) and (y,)
defined by

1
rp,=— and y, =n foralln € N
n
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Then (x,) € Z!(F) and Z{(F), but (y,,) ¢ Z'(F) and Z!(F'). Hence
the spaces Z! (F) and Z!(F) are not convergence free.

Theorem 6.2.10. If I is not maximal and I # I}, then the spaces Z/(F)
and Z!(F) are not symmetric.

Proof. Let A € I be infinite and f;(x) = x for some fixed k and for all
z € [0, 00).

If
1, forn e A,

LTy = .
{O, otherwise.

Then by lemma 1.22 (z,,) € Z{(F) C Z!(F). Let K C N be such that
K¢landN—-—K ¢ . Let¢p: K - Aandy : N— K — N— Abe
bijections, then the map 7 : N — N defined by

ﬂm:{¢W,MM€K,

Y(n), otherwise.

is a permutation on N, but ;) ¢ Z'(F) and 2.,y ¢ ZJ(F). Hence
Z1(F) and Z!(F') are not symmetric.

Theorem 6.2.11. Z{(F) c ZI(F) c ZL (F).
Proof. Let (z;) € Z!(F). Then there exists L € C such that

I —1im fi(|z, — L[) = 0

We have fi(|zx|) < 3 fi(|ze—L|)+ fi3 (|L]). Taking the supremum over
k on both sides we get (z;,) € ZL (F). The inclusion Z!(F) c Z1(F) is

obvious.

Theorem 6.2.12. The function /i : mL(F) — R is the Lipschitz function,

where mL(F) = ZI (F) N Z'(F), and hence uniformly continuous.
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Proof. Let 7,y € mL(F), x # y. Then the sets
Ap = {k € N: |z — Ma)| = [l —yll.} € 1,

Ay ={k eN:fyp = y)| = |lz —yll.} € L.

Thus the sets,
By ={k € N: |z, — h(x)] < |lz —y[|.} € m&(F),

B, ={k e N: |y, — h(y)| < ||z — yl|.} € mE(F).

Hence also B = B, N B, € mL(F), so that B # ¢. Now taking k in B,

h(x) = (y)| < |A(@) — 2| + ze — yel + |ye — P(y)| < 3[|z — ..

Thus £ is a Lipschitz function. For the space m% (F) the result can be
proved similarly.

Theorem 6.2.13. If z,y € mL(F), then (z.y) € mL(F) and
h(ay) = h(z)h(y).

Proof. Fore > 0
B, ={k €N: |z, — h(z)| < e} € mL(F),

B, ={k € N:|yy — h(y)| < e} € mL(F).
Now,

| ey — @) h(y)| = |zeye — 2ph(y) + 2h(y) — R(z)R(y)|

< |akllys — 1(y)| + |AY)lJex — B(z)] - [6.9]

As mL(F) C ZL (F), there exists an M € R such that |x;,| < M and
[7y) < M.
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Using eqn[6.9] we get

|zrye — h(2)h(y)] < Me+ Me =2Me

For all k € B, N B, € m!(F). Hence (z.y) € m%(F) and h(zy) =
h(z)h(y). For the space m%Z (F') the result can be proved similarly.
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Chapter 7 On Certain Class of Zweier I-Convergent Sequence Spaces

7.1 Introduction

Theorem 7.1.1. [68, Theorem 2.1] The sets Z and Z, are the linear
spaces with the co-ordinate wise addition and scalar multiplication which

are the BK-spaces with the norm

|z]|z = [l=]|z, = || 2]

Theorem 7.1.2. [68, Theorem 2.2] The sequence spaces Z and Z, are
linearly isomorphic to the spaces ¢ and ¢ respectively, i.e Z2 = ¢ and
Zo = Co.

Theorem 1.3. [68, Theorem 2.3] The inclusions Z, C Z strictly hold for
p#1

7.2 Main Results

Recently Saldt, Tripathy and Ziman[65-66] introduced the following
sequence spaces

ch={(zp) €w: {k €N |z > €} €1},
={(xy) ew:{keN: |z, — L| > €} € I,forsomeLe C },
ef = {(21) €Ew: {k € N:|xx| > M} € I, for each fixed M>0}.

Analogous to Kostyrko, Saldt and Wilczyniski[12], Saldt Tripathy and
Ziman[65-66], Khan and Ebadullah[29,31,37,38] introduced the following
classes of sequences.

Zl={r= () €w:{keN: I —limZ’r =0} € I},

“If I feel unhappy, I do mathematics to become happy. If I feel happy, I do mathematics to keep happy.” -Paul
Turan
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Z'={z=(v) €w:{keN:I—limZ?r = L, forsome L} € I},

ZI ={z = (z) € w:sup|ZPx| < oo}
k

In [27] for ¢ = (qx) a sequence of positive reals
ZHg) ={r=(z) €w: {k e N:|ZPx|% > ¢} € I},
Ziq)={z = (x) €Ew: {k €N:|ZPx—L|% > ¢} € I, for some Lc C },

ZL(q) = {z = (z&) € w : sup |ZPx|% < oo}.
k

In [8] for an Orlicz function M and ZPx = z/

/
ZEM) ={x = (1) €Ew: I—limM(M) = 0 for some p > 0},
p
I . |xl/g_L|
Z' (M) ={z = (vg) €w: I-lim M(———) = 0 for some L and p > 0},

p

/
ZL(M) ={2 = (2}) Ew: supM(M) < oo for some p > 0}.
k P

In [29] for a modulus function f
ZI(f) = {(xx) €w :foragivene > 0,{k € N: f(|x£|) > e} e 1},
ZY(f) = {(z1) € w : there is L € C such that
for5>0,{k:EN:f(|xé—L|) >c}lel},
ZL(f)={(zx) €ew: {k eN: f(|a}|) > M} € I, for each fixed M>0}.
In [34] for a sequence of modulii F' = ( f;)
Z3(F) = {(zx) €w: {k € N: fi(|z}]) > e} € I},
ZHF) ={(z) ew: {k€N: fk(|xé—L|) > ¢, forsomeLe C } € I},
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ZL(F) = {(z) € w: {k € N: fi(|z}]) > M, for each fixed M>0} € I}.

Here we give the canonical inclusion relations

Result 7.2.1. ¢} C ¢! C ¢1_.(See[41,57,58]).

Result 7.2.2. Zl c 2T Cc ZI (See[12]).

Result 7.2.3. Zl(q) € Z¥(q) C ZL (q).(See[27)).
Result 7.2.4. Z(M) c Z1(M) Cc Z! (M).(See[35]).
Result 7.2.5. Z{(f) € Z7(f) € ZL(f).(See[29)).

Result 7.2.6. ZL(F) c Z!(F) c ZL(F).
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Chapter 8 Zweier I-Convergent Double Sequence Spaces

8.1 Introduction

At the initial stage the notion of I-convergence was introduced by
Kostyrko, Salat and Wilczynski[48]. Later on it was studied by Salat,
Tripathy and Ziman[65], Demirci [10] and many others. I-convergence is

a generalization of Statistical Convergence.
Now we have a list of some basic definitions used in the chapter:

Definition 8.1. A double sequence of complex numbers is defined as a
function = : Nx N — C. We denote a double sequence as (z;;), where the
two subscripts run through the sequence of natural numbers independent of
each other. A number a € C is called a double limit of a double sequence
(x;;) if for every € > O there exists some N = N(¢) € N such that

|(zij) — af <e, foralli;j > N (seel6,7,8])

Definition 8.2. A double sequence (z;;) € w is said to be I-convergent

to a number L if for every € > 0,

In this case we write I — lim x;; = L.

Definition 8.3. A double sequence (x;;) € w is said to be I-null if L = 0.
In this case we write

Definition 8.4. A double sequence (z;;) € w is said to be I-cauchy if for

“Example is the school of mankind, and they will learn at no other.”-Edmund Burke
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every € > ( there exist numbers m = m(e), n= n(e) such that

{(i,j) e NXN: |25 — x| > €} € 1.

Definition 8.5. A double sequence (z;;) € w is said to be I-bounded if
there exists A/ > 0 such that

{(Z,]) eNxN: |IZ]| > M}

Definition 8.6. A double sequence space E is said to be solid or normal
if (z;;) € E implies (a;;x;;) € E for all sequence of scalars («a;;) with
la;;| < 1forall (i, j) € N x N.

Definition 8.7. A double sequence space F is said to be monotone if it

contains the canonical preimages of its stepspaces.

Definition 8.8. A double sequence space F is said to be convergence free
if (y;;) € E whenever (z;;) € E and z;; = 0 implies y;; = 0.

Definition 8.9. A double sequence space E is said to be a sequence
algebra if (z;;.y;;) € E whenever (x;;), (y;;) € E.

Definition 8.10. A double sequence space E is said to be symmetric if

x;;) € E implies (z.(;;)) € E, where 7 is a permutation on N x N.
J (%)
In this Chapter we introduce the following classes of sequence space:
22l ={x = () € qw: [ —1lim ZPx = L forsome L € C }
QZ()T = {.T = (%Zj) € W I —lim ZPzx = O}
22l = {r = (2;5) € 2w :{(i,j) ENxN:
there exist M > 0, |ZPz| > M} € I}

2200 = {2 = (x;;) € aw :sup|ZPz| < oo}
1,J
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We also denote the multiplier double sequence spaces as

Zmé = QZooﬂ QZI and mergo = 2Zoo N QZ({

8.2 Main Results

Theorem 8.2.1. The classes of sequences 227, , 2], ym% and ;m% are

linear spaces.

Proof. We shall prove the result for the space Z’. The proof for the
other spaces will follow similarly. Let (z;;), (vij) € 22" and let a, 3 be
scalars. Then

I —lim |z;; — Ly| = 0, for some L; € C;

I —lim |y;; — Lo| = 0, for some L, € C.

That is for a given € > 0, we have
Alz{(i,j)GNxN:|xij—L1|>g}€I, 8.1]
Ay ={(3,5) e NX Nt |y — Lo| > %} el 8.2]
We have

|(azij + Byij) — (aLy + BL2)| < |e|(|y; — Lal) + [BI(Jys; — Lal)

< |wij — La| + |yij — Lal.
Now, by [8.1] and [8.2],

{(i,7) € Nx N [(awy; + Byij) — (aLi + BL2)| > e} C A1 U As.

Therefore (ouz;; + /Byij) € ,Z!. Hence 52! is alinear space.
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We state the following result without proof in view of Theorem 2.1.

Theorem 8.2.2. The spaces ngZ and szzo are normed linear spaces,
normed by

[|i5][« = sup [as]. 8.3]

2y

Theorem 8.2.3. A sequence x = (z;;) € am’ I-converges if and only if
for every € > 0 there exists N, = (m,n) € N x N such that

{(l,]) e NxN: ‘xij — ZN,

<€} € 9mk 8.4]
Proof. Suppose that . = I — lim x. Then

Be={(i,j) eNxN: |z;; — L] < g}e mb forall e > 0.

Fix an N, = (m,n) € B.. Then we have

€ €
len. =@yl < lov. = LI+ [L—ay| <5+ 5 =€

which holds for all (4, j) € B.. Hence
{(’L,j) e NxN: ‘SCZ']' — TN,

<€} € omk.

Conversely, suppose that {(7,7) € N x N : |z;; — zn,
That is

< e} € amk.

{(4,7) e NXN: |z, — ap,
for all ¢ > 0. Then the set

<€} S ngZ

C.={(i,j) ENxN:az; € [wn, — €, 7N, + €]} € om’ forall e > 0.
Let J. = [zn. — €, 2. + €] If we fix an € > 0 then we have C. € ymL
as well as C's € om%. Hence C. N C: € omZL. This implies that
J=J.nJ: 4
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that is
{(i,7) e NxN:z;; € J} € ymL
that is
diamJ < diamJ,
where the diam of J denotes the length of interval J. In this way, by
induction we get the sequence of closed intervals

J=1),2I;D... DL D ..
with the property that diaml, < idiamI,_, for (k=2,3,4,...) and
{(i,j) e Nx N:xz;; € I} € 9mk for (k=1,2,3,4,......). Then there exists

af € NI, where (i,j) € N x N such that { = [ — limx, that is
L=1-limx.

Theorem 8.2.4. Let [/ be an admissible ideal. Then the following are
equivalent.
(a) (%) € 27,
(b) there exists (y;;) € 2Z such that z;; = y,;, for a.a.krl;
(c) there exists(y;;) € 22 and (2;;) € 2Z{ such that x;; = y;; + z;; for all
(7,7) € N x Nand

(d) there exists a subset X = {k; < ks....} of N such that K € £(])
and lim |z, — L| = 0.
n—o0

Proof. (a) implies (b). Let (z;;) € 2Z”. Then there exists L € C such
that
{(Z,])GNXN|$”—L|Z€}EI

Let (my, n;) be an increasing sequence with (m¢, n;) € N x N such that

{(Zaj) < (mt,nt) : ‘xij — L‘ > z} cl.
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Define a sequence (y;;) as

Yij = x5, forall (i,7) < (my,n1).

For (m¢, n:) < (4,7) < (myy1,ner1) for teN.

vii = Tij, if |.T2'j — L| < t_l,
Y L, otherwise.

Then (y;;) € 22 and form the following inclusion

{0, 7) < (mg,ne) = w5 # yigy S {(,5) < (me,ng) < |wyg — L] > e} € 1.

We get x;; = y;;, for a.akrl

(b) implies (c). For (z;;) € 227, there exists (y;;) € 2Z such that
z;; = vy, foraakrl Let K = {(i,j) € Nx N:2;; # y;;}, then K € [.

Define a sequence (z;;) as

Zij = .
! 0, otherwise.

Then Zij € QZé and Yij € 2 Z.

(c) implies (d). Let P, = {(¢,j) € Nx N : |z;;| > €} € [ and

K =P = {(i1, 1) < (iz, jn) < ...} € £(I).

Then we have lim |z, ;) — L| = 0.
n—o0

(d) implies (a). Let K = {(i1,/1) < (i2,52) < ...} € £(I) and

lim |z, .y — L| = 0. Then for any € > 0, and Lemma 1.17, we have
n—oo

{(i,j) e NxXN: |z;; — L| > ¢} C K°U{(i,j) € K : |z;; — L| > €}
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Thus (z;;) € 22"
Theorem 8.2.5. The inclusions QZ({ c 2 c ngo hold and are proper.
Proof. Let (z;;) € 2Z”. Then there exists L € C such that
I —lim|z;; —L| =0
We have |z;;| < |z;; — L| + 3|L|. Taking the supremum over (i, j) on

both sides we get (z;;) € 2ZL. The inclusion 2! C Z' is obvious.

The strict inclusion is also trivial.

Theorem 8.2.6. The function & : ymL — R is the Lipschitz function,

where omL = ,Z1 N ,Z,, and hence uniformly continuous.

Proof. Let 7,y € 9mbL, x # y. Then the sets
Ar ={(i,7) e NXN: |zy; — h(z)| > [|lz — yll.} € 1,

Ay = {(6,5) e Nx Ny = h(y)| = |l —yll.} € 1.

Thus the sets,
By ={(i,j) e Nx N: |z;; — h(z)| < ||z —y||.} € amE,

By ={(i,5) € Nx N: [y; — hy)| < ||z —yll.} € 2m5.

Hence also B = B, N B, € QmIZ, so that B # ¢. Now taking (i,j) in B,

7(z) = hy)| < [Il@) = 2i] + 235 = | + 1y = Ay)| < 3[[z = yl]..

Thus A is a Lipschitz function. For gmlzo the result can be proved
similarly.

Theorem 8.2.7. If z,y € ymZL, then (z.y) € ymL and
hwzy) = h(z)h(y).
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Proof. For e > 0
.o I
B, ={(i,j) e Nx N: |z — h(x)| < e} € amz,

B, ={(i,j) e Nx N: |y — h(y)| < e} € am5.

Now,
lz.y — Mz)W(y)| = vy — 2h(y) + zh(y) — A(x)A(y)]

< lally = ny)| + [A(y)[|z = A(z)] [8.5]

As omL C ,Z,, there exists an M € R such that i|z| < M and
|h(y)| < M. Using eqn[8.5] we get

|z.y — h(z)h(y)| < Me+ Me =2Me

For all (i,j) € B, N B, € am%. Hence (z.y) € »m% and
h(zy) = h(x)h(y). For ym%  the result can be proved similarly.

Theorem 8.2.8. The spaces 22({ and gmfgo are solid and monotone .

Proof. We shall prove the result for »Z. Let (z;;) € Z}. Then

Let («;;) be a sequence of scalars with |o;;| < 1 forall (7,5) € N x N.
Then the result follows from [8.6] and the following inequality

|| < ogllay| < Jais| for all (z,5) € N x N,

That the space »Z! is monotone follows from the Lemma 1.16. For

zmIZO the result can be proved similarly.
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Theorem 8.2.9. If I is not maximal, then the space 2 Z! is neither solid

nor monotone.

Proof. Here we give a counter example. Let (z;;) = 1 for all
(i,7) € N x N. Then (z;;) € 22’ Let K C N x N be such that K ¢ [
and N x N — K ¢ I. Define the sequence

(i) = { (zi), if (i,)) € K,

0, otherwise.

Then (y;;) belongs to the canonical preimage of K-step space of 22 but

(yij) € 22" Hence 2Z' is not monotone.
Theorem 8.2.10. The spaces 2Z7 and ,Z] are sequence algebras.

Proof. We prove that »Z] is a sequence algebra. Let (z;;), (vi;) € 224.
Then
I —lim|z;j| =0 and I —lim|y;| =0

Then we have I — lim |(z;;.y;;)| = 0. Thus (z;;.y;;) € 22{. Hence
»Z! is a sequence algebra. For the space »Z’, the result can be proved

similarly.

Theorem 8.2.11. The spaces »Z! and QZ({ are not convergence free in

general.

Proof. Here we give a counter example. Let / = [;. Consider the

sequence (x;;) and (y;;) defined by

1
Tij = E and y;; = 4.7 forall (i,j)) e Nx N

Then (z;;) € 227 and 2 Z{, but (y;;) ¢ 227 and 2 Z]. Hence the spaces

»Z1 and ,Z! are not convergence free.
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Theorem 8.2.12. If I is not maximal and [ # I, then the spaces 227

and ,Z! are not symmetric.

Proof. Let A € I be infinite. If

{ 1, fori, j€A,
xij:

0, otherwise.

Thenz;; € 22} C 92! Let K C Nbesuchthat K ¢ JandN—K ¢ I.
Let¢p: K - Aand ¢ : N— K — N — A be bijections, then the map
7 : N — N defined by

e :{ o(k), fork e_K,
W(k), otherwise.

is a permutation on N, but Z(r(m)yr(n)) ¢ 227 and Z(x(m)n(n)) ¢ 224
Hence ,Z! and »Z! are not symmetric.

Theorem 8.2.13. The sequence spaces »Z! and ,Z/ are linearly
isomorphic to the spaces oc! and oc) respectively, i.e 2Z7 = ,cl and

I ~ I
QZO = 2Cp-

Proof. We shall prove the result for the space »Z’ and 5c!. The proof
for the other spaces will follow similarly. We need to show that there
exists a linear bijection between the spaces 32’ and 5¢!. Define a map
T: 2 — el suchthatz — o' = Tx

T(zij) = prij + (1 = p)ri-1)(-1) = Ty
where x 1 = 0,p # 1, 1 < p < oo. Clearly T is linear. Further, it is trivial
that x = 0 = (0,0,0,...... ) whenever Tz = 0 and hence injective. Let

x;j € oc! and define the sequence z = x;; by

MZZ (1=r)i=5) N =r)i=2)

r=0 s=0
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for (z,7) € N x N and where M = Il) and N = %. Then we have

lim  pz;; + (1 = p)a-1)G-1 =

(i,5)—00

J

(6.3) =00 r=0 s=0
i—1 j—1
+<1 . p> . %1)11100 M (_1)(z—l—'r)(]—l—s)N(z—l—r)(g—l—s)x(i_l)(j_l)
’ r=0 s=0
= lim x
(id)o0

which shows that z € ,Z7. Hence T is a linear bijection. Also we have
||z||« = ||Z7z||.. Therefore

|z|[« = sup [pry + (1 = p)ri-1)G-1)l

(4,7)ENXN
= sup |pMZZ (i=r)(=5) Ny (=) (G =5) 50 Ty
(7,7)eNXN —0 s—0
i—1 j—1
—i—(l—p)M ( 1)(z 1-r)(j—1— S)N(Z 1-r)(j—1— s)x(Z G 1)|
r=0 s=0
= sup |z = ||z e
(i,j)ENXN

Hence ,Z! = ,¢l.
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Chapter 9 Zweier I-Convergent Double Sequence Spaces Defined by a Modulus Function

9.1 Introduction

An Orlicz function is a function M : [0,00) — [0,00), which is
continuous, non-decreasing and convex with M (0) = 0, M (z) > 0 for
z > 0and M(x) — oo as x — oo.(see[4,47]). If the convexity of the
regular function M is replaced by M (xz +y) < M (z) + M(y) then this
function is called as Modulus function. This function was introduced by
Nakano[58].  Ruckle[64] and Maddox[56] further investigated the
modulus function with applications to sequence spaces.

In this chapter we introduce the following class of sequence spaces:

2ZH(f) = {(zy) € aw : I — limf(|a:;j —L|) =0, forsome L € C },

’

225(f) = {(w) € ow: I —lim f(|z;]) = 0},
225 (f) = {(wij) € ow: {(i,j) e NxN:

’

there exist K > 0: f(|z;:|) > K € I}.

v

2Z0(M) = { = (2;5) € ow : sup f(lz]) < 00}

Throughout we denote

myz(f) = 225(f) N 22(f) and myz,(f) = 225(f) N 220(f).

Throughout the article, for the sake of convenience we will denote by
ZP(zi5) = ', ZP(yij) =y, ZP(245) = 2 forz,y, 2 € w.

“Under the leadership of our dear masters Banach and Steinhauss we were practicing in Lwéw intricacies of
mathematics”- Orlicz-1968.
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9.2 Main Results

Theorem 9.2.1. For any modulus function f, the classes of sequences
2Z1(f), 22{(f), m!z(f) and mgzo(f) are linear spaces.

Proof. We shall prove the result for the space »Z7(f). The proof for the
other spaces will follow similarly. Let (), (v;;) € 22'(f) and let «, 8

be scalars. Then
I— limf(|:p;j — L4]) =0, for someL; € C ;
I— limf(\y;j — Ly|) =0, for someL, € C ;
That is for a given € > 0, we have
Ay ={(i) € NXN: fllaly = La]) > S} € 1, 9.1]
Ay ={(i,5) e Nx N : f(lyy; — La|) > g} el 9.2]
Since f is a modulus function, we have
F(l(awiy + Bys;) — (aLy + BL2)) < f(lallay; — Lal) + f(1B]ly;; — Lal)
< f(lay; = Lal) + f(lys; — Lal)
Now, by [9.1] and [9.2],

{(6,5) € Nx N f(|(axy; + Byy) — (aLy + BLs)|) > €} C Ay U Ay,

Therefore (ax;; + Byi;) € 227(f). Hence oZ!(f) is a linear space.
We state the following result without proof in view of Theorem 2.1.
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Theorem 9.2.2. The spaces m!(f) and m! (f) are normed linear

spaces, normed by
[l 11« = sup f(|;]). 93]
z?]

Theorem 9.2.3. A sequence = = (x;;) € mg 2(f) I-converges if and only

if for every € > 0 there exists /N, € N such that

{(i,7) ENxXN: f(lzy, — 2y |) < e} € mlz(f) [9.4]

Proof. Suppose that L = I — limz’. Then
B, ={(i,j) e Nx N: |x;j - L < %} € m!z(f).Forall e > 0.
Fix an N, € B.. Then we have

€

2

’ / , , c
ey, — 2yl < ley, = LI+ L =] < §+ =¢
which holds for all (¢, j) € B.. Hence

{(i,j) E NX N f(lzy; — zy.|) < e} € mlz(f).

Conversely, suppose that
{(i.) e Nx N: f(lzy; — ay|) < €} € mz(f)-
That is
{(i,j) e Nx N: |x;j —a:;v| <€} € miz(f)

for all € > 0. Then the set
Ce={(i,j) e Nx N: a:;j € oy, —6xy +e} € m!z(f) for all e > 0.

Let J. = [z)y. —¢, 2y, +e€]. If we fixan € > 0 then we have C, € m!-(f)
as well as C'c € m! z(f). Hence C. N Cy € m!;(f). This implies that

Jeﬂjg%qﬁ
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that is
{(i,4) € NxN:ay; € J} € my5(f)
that is
diamJ < diam.J.

where the diam of J denotes the length of interval J. In this way, by

induction we get the sequence of closed intervals

with the property that diam [;; < % diam I,_, for (k=2,3,4,....) and
{(i,j) e Nx N:a;; € Ij} € ml;(f) for (k=1,2,34,......).

Then there exists a ¢ € NIj, where (4, ) € NxNsuch that ¢ = I —lim z.
So that f(&) = I —lim f(a'), thatis L = I — lim f(z').

Theorem 9.2.4. Let f and g be modulus functions that satisfy the A,-
condition. If X is any of the spaces 27, 22, m!; and m!, , then the

following assertions hold
@X(g) € X(f.9),
X (f) N X(g) € X(f +9)

Proof. (a) Let (z;;) € 22Z{(g). Then

’

I —lim g(|z;;|) = 0 [9.5]

vy

Let ¢ > 0 and choose § with 0 < § < 1 such that f(t) < efor 0 < ¢ < .

Write y;; = g(|:z:;J]) and consider

lim f(ys;) = Hm f(y) <o + 1m0 (535)g,,>5

We have
lim f(ys;) < f(2)lim(yy) [9.6]
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Yij Yij Qg . . .
For y;; > 0, we have y;; < = < 1+ . Since f is non-decreasing, it
follows that

1 ka

Flog) < £0+ %) < 2r@) + S FC2)

Since f satisfies the A\y-condition, we have

Flog) < SKY5(@) + S % p(2) = K% 5(2)

Hence
lim £(y3;) < maz(l, K)o~ f(2) lim(y;). [9.7]

From [9.5], [9.6] and [9.7], we have (z;;) € 2Z[(f.g). Thus
2Z8(g) C 2Z!(f.g). The other cases can be established following similar
technique.

(b) Let ($Z]) S QZé(f) N QZé( ) Then I — 11H1f(|$
I— hmg(]x”\) 0

) = 0 and

2]|

The rest of the proof follows from the following equality

lim{f + DICAES lim Fllzyl) + hmg(!%\)

Corollary 9.2.5. X C X(f) for X =22, ,Z{,m!; andm!, .

Theorem 9.2.6. The spaces 2Z((f) and m!z (f) are solid and
monotone.

Proof. We shall prove the result for the sequence space »Z!(f). Let
(CL’Z‘J’) S QZé(f) Then

I-— hm f(]xw|) 0. 9.8]
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Let (cv;;) be a sequence of scalars with |a;;| < 1 forall (z,7) € N x N.
Then the result follows from [9.8] and the following inequality

’

Flagail) < laylf(lzyl) < f(lagy)) for all (i) € N x N.

That the space Z!(f) is monotone follows from the Lemma 1.12. For

m! (f) the result can be proved similarly.

Theorem 9.2.7. The spaces »Z’(f) and m!;(f) are neither solid nor

monotone in general .

Proof. We prove this result by providing a counter example. Let [ = I
and f(x) = 2% for all z € [0, 00). Consider the K-step space X (f) of X

defined as follows

Let (x;;) € X and let (y;;) € Xk be such that

(5i:) = (w;;) ifi+jis even,
Yial = 0, otherwise.

Consider the sequence (x;;) defined by (z;;) = 1 forall (¢,j) € N x N.
Then (z;;) € 2Z(f) but its K-stepspace preimage does not belong to
2 Z1(f). Thus »Z!(f) is not monotone. Hence »Z(f) is not solid.

Theorem 9.2.8. The spaces 2 Z7(f) and 2 Z[(f) are sequence algebras.

Proof. We prove that the sequence space Z!(f) is a sequence algebra.
Let (zi;), (vij) € 22{(f). Then

i

I —1lim f(|z;;|) =0 and ]—hmf(|y;j|) =0

v

Then we have
I —Tim f(|a;.y;0) = 0
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Thus (x;;.y;;) € 22{(f) is a sequence algebra. For the space 2Z{(f),
the result can be proved similarly.

Theorem 9.2.9. The spaces 2Z7(f) and ,Z!(f) are not convergence

free in general.
Proof. We give a counter example to prove this result.

Let [ = I; and f(x) = 2® for all z € [0,00). Consider the sequence
(xi;) and (y;;) defined by

1
IL‘Z‘]‘:,

d yi; =i+ forall (i,j) € N x N.
T and y;; =1+ j forall (i, j)

Then (z;;) € 2Z'(f) and 2 Z{(f), but (y;;) ¢ 2Z'(f) and 2Z{(f).
Hence the spaces 2 Z{(f) and o Z{(f) are not convergence free.

Theorem 9.2.10. If I is not maximal and I # I, then the spaces 2Z7(f)
and »Z!(f) are not symmetric.

Proof. Let A € I be infinite and f(z) = z for all z € [0, 00). If

{ 1, for (i,]) € A,
xij =

0, otherwise.

Then by lemma 1.14 (z;;) € 2Z5(f) C 227(f). Let K C N be such
that K ¢ TandN—- K ¢ [.Let¢p: K — Aandy: N— K — N— Abe
bijections, then the map 7 : N — N defined by

(k) =

o(k), fork e K,
W(k), otherwise.

is a permutation on N, but 2 (;m)r(n) & 227 (f) and Trgmyrn) ¢ 224 (f)-

Hence ,Z7(f) and 2 Z[(f) are not symmetric.
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Theorem 9.2.11. Let f be a modulus function. Then
225(f) C 22(f) C 225(f)-

Proof. Let (z;;) € 2Z7(f). Then there exists L € C such that
I —lim f(|z;; — L|) = 0
We have f(|x;]\) < f(\x;j — L|) + f(|L]). Taking the supremum over

(4,7) on both sides we get (z;;) € 2Z% (f). The inclusion
2 ZI(f) C 2Z1(f) is obvious.

Theorem 9.2.12. The function & : m!;(f) — R is the Lipschitz
function, where m!;(f) = 2ZL(f) N 2Z'(f), and hence uniformly

continuous.
Proof. Let 2,y € m’ z(f),  # y. Then the sets
Ay ={(1,J) e NXN: |z — h(z)| > |[x — yl|.} € I,

Ay ={(,J) e NXN: [y — h(y)| = ||z —y[l.} € L.

Thus the sets,
B, = {(i,j) € Nx N: [z — h(z)| < ||z = yl[.} € m]5(f),
By ={(i,4) e Nx N: [y — h(y)| < [l = yll.} € m](f).

Hence also B = B,N B, € m!;(f), so that B # ®. A Now taking (i, )
in B,

|h(x) = h(y)| < [h(@) — 245] + |2 — yi| + [y — W(y)| < 3le —yl].
Thus £ is a Lipschitz function. For the space m!; (f) the result can be
proved similarly.
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Theorem 9.2.13. If z,y € m! - (f), then (z.y) € m!-(f) and
h(zy) = h(z)h(y).

Proof. Fore > 0
B, ={(1,7) e NxN: |z;; — h(z)| < €} € mgz(f),

B, = {(i,j) € Nx N: |yi; — hy)| < e} € myz(f).

Now,
lwiis — (@) hy)| = |wigyss — 2iih(y) + 245h(y) — M2)h(y)]
< |wijllyi; — B()| + [Ay)l|xi; — B(z)] [9.9]
Asm!z(f) C 2ZL (f), there exists an M € R such that |z;;| < M and
[A(y)l < M.
Using eqn[9.9] we get
255y — h(x)R(y)] < Me+ Me = 2Me

for all (i, j) € B, N B, € m'(f). Hence (x.y) € m!;(f) and
h(zy) = h(x)h(y). For the space m! (f) the result can be proved

similarly.
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10.1 Introduction

Recently Vakeel. A. Khan et. al.[37] introduced and studied the
following classes of sequence spaces:
/

— L
ZIM)={(z) Ew: I — limM(M) = 0 for some L and p > 0},
p
24
ZHM) = {(z}) € w: I —1lim M(~%) = 0 for some p > 0},
p
74
ZIL (M) = {(z) € w : sup M(~£) < oo for some p > 0}.
k p

Also we denote by
mL(M) = 2. (M) N 2 (M)

and
m (M) = Zoo(M) N Z5(M).

10.2 Main Results

In this Chapter we introduce the following classes of Zweier

I-Convergent double sequence spaces defined by the Orlicz function.

’

I . |zy; — L
QZ (M):{fﬂ:(l'zj) € QUJI[—hmM(T):O
for some L € C ,and p > 0},
x
2 ZL(M) = {x = (z;5) € gw:l—limM(M):Oforsomep>0},
P

“Mazur and Orlicz are direct pupils of Banch; they represent the theory of operations today in poland and their
names cover of ”Studia Mathematica” indicate direct continuation of Banach’s scientific programme.”-Hugo
Steinhauss
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2 ZL (M) = {z = (vy) € 2w : {(i,j) € N x N : there exist K > 0 :

/

€T..
M(M) > K forsome p >0 € I}.
p

|5E;J|

2Z200(M) = {z = (7;) € 2w : sup M(T) < oo}

i.j
Also we denote by
m! (M) = »ZL (M) 1 227 (M)

and
Mz, (M) = 22 (M) N 2Z5(M).

Throughout the chapter, for the sake of convenience, we will denote by
ZP(xy) =2, ZP(yp) = v, ZP(2) = 2 forz,y, 2 € w.

Theorem 10.2.1. For any Orlicz function M, the classes of sequences
2Z1(M), 2 Z{(M), ym% (M) and sk, (M) are linear spaces.

Proof. We shall prove the result for the space , Z?(M). The proof for the
other spaces will follow similarly. Let (z;;), (yi;) € 227(M) and let «, 3
be scalars. Then there exists positive numbers p; and p, such that

. |x;; — Ly
I —lim M(———) =0, forsome L; € C ;
P1

|yz'j — Ly|

) =0, for some L, € C ;
P2

That is for a given € > 0, we have

|5’3;j — Ly €

——) > -} e, 10.1
e 10.1]

Ay ={(i,j) e N x N: M(

|Z/;j — L,
P2

Ay ={(i,j) € N x N: M( )>§}e]. 10.2]

116 Science Publishing Group



Chapter 10 Zweier [-Convergent Double Sequence Spaces Defined by Orlicz Function

Let p3 = max{2|«a|p1,2|B|p2}. Since M is non-decreasing and convex

function, we have

’(Qx;j + By;j) — (aLy + BL,)|
P3

M( )

"L
)—|—M(’6Hy” 2‘
P3 P3

. — L A
S M(‘ 1] 1’) —i—M(’yZJ 2’
P1 P2

oy — L

< M( )

)

Now, by [10.1] and [10.2],

|<O‘x;j + B?J;;) — (aLy + BLs)|
P3

{(i,j) e Nx N: M( ) > €} C Ay U As.

Therefore (axi; + Byij) €2 Z1(M). Hence 227 (M) is a linear space.

Theorem 10.2.2. The spaces o’ (M) and s’ (M) are Banach spaces
normed by

||zij]| = inf{p >0 supM(M) <1}
.3 P

Proof. Proof of this result is easy in view of the existing techniques and

therefore is omitted.

Theorem 10.2.3. Let M; and M5 be Orlicz functions that satisfy the A\,-
condition. Then
(a) X(My) C X (M;. M),
(b) X(Ml) N X(MQ) Q X(Ml + MQ) For X = 2217 QZ({, Qmé and

1
szo.

Proof. (a) Let (z;;) € 2Z{(M>). Then there exists p > 0 such that

’

€T..
I—Mﬂbdﬂ
¥ p

) =0 [10.3]
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Let ¢ > 0 and choose ¢ with 0 < ¢ < 1 such that M;(t) < e for

0<t<§. Writey,; = Mg(‘ ‘) and consider for all (i,j) € N x N we
have

O<121ng<6 Mi(yi;) = 121;? M (yi;) + hm Ml(yw)

We have
hm Ml(y”) < M;(2) lim (y;;). [10.4]

y’L] yijS5

For (y;;) > J, we have

Yij
(]

Yii
5 )-

)<1+(5

(yij) <

Since M is non-decreasing and convex, it follows that

Yiy) < Ian() + tan (2

Since M, satisfies the /\,-condition, we have

]. 1 yij

M) < SO + LK) = KU (2)
Hence
ylzljmaMl(y”) < max(l, K6 M (2 ))ylzljm(s(y”) [10.5]

From [10.3], [10.4] and [10.5], we have (z;;) € Z{(M;).(Ms). Thus

ZH(My) € ZH (M. My).

The other cases can be proved similarly.
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(b) Let (z) € Z{(M,) N Z{(Ms). Then there exists p > 0 such that

o/ o/
I— hmM (| k') = 0and [ — hmM (‘ k') = 0. The rest of the proof
follows from the following equahty
24 24 A

| 2
ln(My =+ Ma)(=5) = i M (515) + lim Ma(=

)

Theorem 10.2.4. The spaces 2Z{(M) and ,m% (M) are solid and

monotone .

Proof. We shall prove the result for ,Z{(M). For m% (M) the result
can be proved similarly. Let (z;;) € 2Z{(M). Then there exists p > 0
such that )

I—limM(—=)=0 [10.6]
1,] P
Let (a;;) be a sequence of scalars with |o;;| < 1 forall (7,5) € N x N.
Then the result follows from [10.6] and the following inequality for all
s 7, 7

iJ M
P ) < o M( p ) < M( p )-

M(

By Lemma 1.12, a sequence space E is solid implies that E is monotone.

We have the space »Z/ (M) is monotone.

Theorem 10.2.5. The spaces »Z!(M) and omL (M) are neither solid

nor monotone in general.

Proof. Here we give a counter example. Let [ = I; and M (z) = 22 for
all z € [0,00). Consider the K-step space Xy (M) of X (M) defined as
follows, Let (x;;) € X (M) and let (y;;) € Xk (M) be such that

x;5, 1f (14)) 1s even,
Yi; = .
Y 0, otherwise.
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Consider the sequence z;; defined by x;; = 1 for all (7,j) € N x N.
Then (x;;) € 2Z7(M) but its K-stepspace preimage does not belong to
2 Z1(M). Thus 5Z’(M) is not monotone.

Hence oZ!(M) is not solid.

Theorem 10.2.6. The spaces »Z! (M) and »Z7( M) are not convergence

free in general.

Proof. Here we give a counter example. Let I = I; and M (z) = 2® for
all z € [0, 00). Consider the sequence (x;;) and (y;;) defined by

! d i+
Tij = —— ana yY;; =
R Yi J
Then (I‘”) € 2Z](M> and QZ({(M), but (ylj) ¢ QZI(M> and QZ({(M)
Hence the spaces 2 Z7(M) and ,Z!(M) are not convergence free.

Theorem 10.2.7. The spaces 2ZL(M) and 2Z!(M) are sequence

algebras.

Proof. We prove that »ZI(M) is a sequence algebra. For the space
2 Z1(M), the result can be proved similarly. Let (z;;), (yi;) € 22 (M).
Then

/

. |x2]| o
I—limM(—=)=0
P1
and )
. ’yij’ o
I—limM(—=)=0
P2

Let p = p1.p2 > 0. Then we can show that

‘(x;jy;_])’

I —lim M(
p

) =0.

Thus (z;;.y;;) € 2Z5(M). Hence 2] (M) is a sequence algebra.
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Theorem 10.2.8. Let M be an Orlicz function. Then the inclusions
2 ZH(M) € 22N (M) C L2 (M)
hold.

Proof: Let (z;;) € 2Z7(M). Then there exists L € C and p > 0 such
that

’

|xij — L

I —1lim M (
p

) = 0.

’
|xiJ*L‘

We have M('Z—;') < %M(T) —|—%M(|£p‘) Taking supremum over (i.j)
both sides we get (z;;) € 22 (M). The inclusion 2Z{ (M) C Z7(M)

is obvious.

Theorem 10.2.9. If I is not maximal and I # I, then the spaces 2’ (M)

and 5 Zl(M) are not symmetric.
Proof. Let A € I be infinite and M (z) = z for all z = (z;5). If

{ 1, fori,j € A,
-Tij:

0, otherwise.

Then
(zi5) € 2Z5(M) C 2" (M),

by lemma 1.14. Let K C Nbesuchthat K ¢ [ and N — K ¢ [.

Let¢ : K — Aand ¢ : N— K — N — A be bijections, then the map
7 : N — N defined by

{ o(k), fork € K,
(k) = .
W(k), otherwise.

is a permutation on N, but (Z(yx(;)) ¢ 227 (M) and
(Ta(iyn()) & 228 (M). Hence 22§ (M) and 527 (M) are not symmetric.
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